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ABSTRACT 
Non-linear finite element analysis of reinforced concrete panels and 
infilled frames under monotonic and cyclic loading. 
J. H. Naji, BSc. Tech., MSc. 
Keywords: Infilled frame, Non-linear, Finite element, Displacement 
control, Reinforced concrete, Cracking, Plasticity, Interface, Cyclic 
loading. 
A non-linear finite element program to simulate the behaviour of 
infilled frames and plane stress reinforced concrete members under 
the action of monotonic and cyclic loading has been developed. Steel 
is modelled as a strain hardening plastic material, and in the 
concrete model cracking, yielding and crushing are considered. The 
separation, sliding, and opening and closing of initial gaps at the 
interfaces between the frame and the infill panels are accounted for 
by adjusting the properties of interface elements. 
The non-linear equations of equilibrium are solved using an 
incremental-iterative technique performed under load or displacement 
control. The iterative techniques use the standard and modified 
Newton-Raphson method or the secant Newton method. An automatic load 
incrementation scheme, line searches, and restart facilities are 
included. 
The capabilities of the program have been examined and 
demonstrated by analysing five reinforced concrete panels, a deep 
beam, a shear wall, and eight infilled frames. The accuracy of the 
analytical results was assessed by comparing them with the 
experimental results and those obtained analytically by other workers 
and shown to be good. 
A study of the effects of some material and numerical parameters 
on the results of analyses of reinforced concrete deep beam has been 
carried out. 
Two techniques have been proposed and used to overcome numerical 
problems associated with local strain concentrations which occur with 
the displacement control, when path dependent incremental iterative 
procedures are used for inelastic materials. The displacement 
control provided with these modifications has been shown to be more 
efficient than the load control. 
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NOTATIONS 
{G 
The major symbols used in this thesis are listed below, others 
are defined as they first appear. When duplication occurs the 
notation used is clarified within the text. 
General Symbols 
A, a scalars 
A, a matrix A, and vector a 
AT, aT transpose of matrix A and vector a 
A-1 inverse of matrix A 
I determinate of a matrix, or absolute value 
(e 
II II 
norm symbol 
d differentiation symbol 
A denotes incremental quantities 
a denotes iterative quantities 
Scalars 
A area 
b breadth of infilled frame 
C damping coefficient 
c constant 
d length of the diagonal of an infilled panel 
vii 
dX plastic multiplier 
E Young's modulus 
e acceleration factor 
f function, or acceleration factor 
G shear modulus 
Gf fracture energy 
H lateral strength of infilled frame 
h height of a frame, or hardening parameter 
I second moment of area 
Il first stress. invariant 
J Jacobian 
J2 second deviatoric stress invariant 
K stiffness term 
L length 
M moment 
in relative strength of frame and infill panel 
s surface area 
t thickness, or time 
u horizontal component of displacement 
V strain energy 
Vd dissipated energy 
v volume, or vertical component of displacement 
W work 
w effective width of diagonal strut, or weight of 
integration point 
x, y, z rectangular coordinates 
a contact length, or material parameter 
ß shear retention factor, or material parameter 
7 shear strain 
viii 
e strain 
Co strain corresponding to peak stress 
77 step length 
0 rotation 
X relative stiffness, load parameter, or reduction 
factor 
of concrete strength 
µ coefficient of friction 
poisson's ratio 
ratio of damping coefficient to the critical damp 
ing 
p ratio of steel reinforcement 
v stress 
v effective stress 
ao yield stress 
r shear stress 
(D total potential energy 
convergence tolerance for line searches 
n complementary energy function 
E, 77 natural coordinates 
(5 Matrices 
A displacement gradient matrix 
B strain-displacement matrix 
D stiffness modulus 
H transformation matrix for interface elements 
K stiffness matrix 
ix 
N shape functions 
S approximation to the Jacobian matrix 
T axes transformation matrix 
diagonal acceleration matrix 
Vectors 
a nodal displacement, or flow vector 
b body forces 
f external load vector 
p internal load vector 
r residual load vector 
t boundary traction 
u generic displacement 
x the difference between residual load vectors in t 
wo 
successive iterations 
ba unaccelerated iterative displacement (search dire 
ction) 
strain vector 
Q stress vector 
ýa 
Subscripts and Superscripts 
a updated quantity 
b beam 
C concrete 
X 
cr 
cu 
d 
dt 
e 
ep 
f 
fr 
h 
cracking, or critical 
ultimate value for concrete 
diagonal strut 
diagonal tension 
element quantity, or elastic component 
elasto-plastic 
frame, or forces 
fracture 
column of an infilled frame 
m moment 
n normal 
p plastic component 
s steel, surface area, or scaled quantity 
t tangential 
v volume 
w infilled panel 
prime denotes local quantities 
c 
xi 
CHAPTER ONE 
INTRODUCTION AND REVIEW OF PREVIOUS WORK 
1.1 Introduction 
Rigidly jointed frames coupled by floor slabs are extensively 
used in buildings. This system of construction becomes less 
efficient when the building is subjected to high lateral loading such 
as wind, blast, or earthquake as the building gets taller. Some form 
of lateral bracing is essential in these cases. The frames are 
usually filled in their plane with bricks, concrete blocks, or 
precast panels to meet the architectural requirements such as 
partitioning, enclosing, or cladding. If the strength of this infill 
material is used in combination with the frames then composite action 
will occur, such structures are known as infilled frames. This 
system has much potential for bracing buildings. 
According to the construction technique used, infilled frames may 
initially be fully integral or have some gaps along part of the 
interface between the infill and the frame. Due to the existence of 
gaps, the frame is initially free to deform without any constraint 
imposed by the infill. This deformation causes the gap size to 
possibly increase in certain places, and to decrease or close in 
other places, creating an interaction between the panel and frame, 
Fig. 1.1. This situation will also occur when an initially integral 
infilled frame is subjected to lateral loading. 
1 
When the load increases, the boundaries in contact, may remain 
together, move together in the normal direction and slip in the 
tangential direction, or may separate. The dependence of the 
interface condition on the level of loading makes the problem 
nonlinear, even when linear elastic materials and small displacement 
theory are used. A typical load-displacement curve for an infilled 
frame with gaps is shown in Fig. 1.2. On further loading, additional 
nonlinearity may arise from the cracking, crushing, or plastic 
deformation of the panel, and the frame material. The nonlinear 
response becomes more complex when the infill has openings or is 
subjected to cyclic loading. 
In spite of the extensive research work carried out to study the 
behaviour of infilled frames for more than three decades, there are 
no specifications or code requirements to cover their design. The 
experimental investigations have shown that infilled frames are much 
stiffer and stronger than the skeleton frame. However, designers 
tend to neglect the structural contribution of the infill panels in 
order to avoid complexity in the analysis, with the feeling that such 
omission is on the conservative side. Besides being unrealistic, 
neglecting the constraining effect of the panel on the frame may, in 
certain cases, compromise safety. This is particularly true in a 
seismic design. There are several examples of rigidly jointed 
frames, although properly designed to resist earthquake loading when 
acting alone, being severely damaged due to the presence of the 
infills. The following adverse effects in infills which has not been 
accounted for in design have been observed: 
(i)" an ill distribution of lateral loading among the frames, 
2 
(ii) unintended shear and axial forces in frame members. 
(iii) inducement of a torsional response. 
(iv) increasing inertial forces, and 
(v) the introduction of impact loading when large gaps exist 
between the frame and the infill panels. 
The . fact that infill panels can substantially modify the 
behaviour of the bounding frames has motivated many researchers to 
investigate the behaviour of infilled frames both experimentally and 
analytically under static and dynamic loading. 
1.2 Review of Previous Work 
The- study of the behaviour of infilled frames has been the 
subject of many investigations over the past three decades. Both 
experimental tests and theoretical work have been carried out. 
Reviews of the literature on the subject have been compiled by many 
workers. Coull and Stafford-Smith [1] give chronological summaries 
of the researches up to the mid-sixties, Sabnis[2] up to 1978, and 
recently a review of the literature has- been given by Moghaddam and 
Dowling (3]. Therefore, only a. brief review, is given here. As the 
present work is directed towards the analysis of infilled frames, the 
emphasis will be on the analytical. approaches rather than the 
experimental investigations. 
The methods used in the analysis of infilled-frames can be placed 
into one of the following categories. 
3 
(i) Diagonal strut concept 
(ii) Empirical formulae 
(iii) Other methods related to the theory of elasticity 
(iv) Linear and nonlinear finite element method 
(v) Plastic theory 
0 
These methods will be reviewed here. 
1.2.1 Diagonal Strut Concept 
In the early experimental study of simple isolated infilled 
frames, Polyakov (4) noted the typical separation of the infill panel 
and bounding frame at relatively low load level, and suggested the 
possibility of considering the effect of the infilling material as 
equivalent to diagonal bracing. This suggestion was taken up by 
Holmes [5,6] who proposed that the infill be replaced by a diagonal 
strut of width equal to one-third the diagonal length, d, and a 
thickness equal to the thickness of the panel. No parameter other 
than-the size of the infill was considered. The stiffness of the 
infilled. frame 
. was determined from the elastic analysis of the 
equivalent. braced frame. The ultimate load was calculated by 
determining the shortening and hence the strain in the strut and 
comparing this with the, ultimate strain of the infill material. 
Uniform strain distribution was assumed along the diagonal strut. 
The method was very simple, but. could only be applied to infilled 
frames which failed due to crushing along the compressive diagonal. 
4 
Stafford-Smith [7] carried out a series of tests on square steel 
frames infilled with mortar. From the test results, it was found 
that the width of the equivalent strut increased with the increase in 
the relative stiffness of the frame. A non-dimensional parameter, 
ý, h, was proposed in order to express the relative stiffness of the 
column in bending to the infill in shear where 
Et sin 20 
Xh 
ýl1.1 
4 EhI hJ 
in which E, t, and h are the elastic modulus, thickness, and height 
of the infill respectively, EhI is the flexural rigidity of the 
column, and B- tan-1(h/b) where b is the breadth of the infill. 
The length of the contact, ah, between the column and infill was 
related to Xh such that 
II 
cad = 1.2 
2Xh' 
A triangular stress distribution was assumed to act along this length 
and a finite difference analysis was carried out to determine the 
stresses and strains along the compressive diagonal. 
WI, 
Two failure modes were considered, diagonal tension, and 
compression. A series of charts was presented to aid the 
determination of the effective width of the strut, the compressive 
failure load and the diagonal tensile failure load. 
5 
E- 
To 
Stafford-Smith (8J extended the method to multi-storey 
rectangular infilled frames, where the contact length between the 
beam and the infill was found experimentally to be almost constant 
and equal to half the beam length. Later, Stafford-Smith and Carter 
(9J improved the previous work by including the variation of the 
modulus of elasticity of the infill with increasing load into the 
computation of the width of strut. As a consequence the equivalent 
strut width decreased as the loading increased. 
Mainstone and Weeks [10] and Mainstone [11,12] carried out full 
scale and 1/6th scale model tests. Based on the results empirical 
formulae for the calculation of the effective width of the strut, w, 
were suggested. For example, the following relationship was 
suggested for brick infills prior to cracking 
w 
--0.175 (Xhh)-0.4 sin 20 
d 
where d is the length of the diagonal. and Xh as defined by Eq. 1.1. 
1.3 
Kadir [13] calculated the effective width of the strut for 
rectangular infilled frames as 
R12 
wl 
2 2X h 
# 
1 2 
+ _ ý Xb 
1.4 
where 
6 
Et sin 20 
)ýb - 1.5 
4 EbI b 
in which EbI is the flexural rigidity of the beam. 
Barua and Mallick [14] conducted a series of tests in which forty 
14D three steel frames infilled with mortar and reinforced concrete 
frames infilled with brickwork were tested. The results obtained 
showed that the formulae proposed by Stafford-Smith [7,8] and 
Mainstone [10,11) significantly overestimated the stiffness of the 
models tested. 
An analytical study by Riddington and Stafford-Smith (15] using 
the finite element method lead to the suggestion that an effective 
width of one-tenth of the length of the diagonal should be used in 
the calculation of the stiffness of an infilled frame. 
Liauw and Lee [16] used a strain energy approach to establish the 
cross sectional area of the diagonal strut. This method can be 
applied to infilled frames with openings. However, the strength 
predicted was found to be too low compared with the experimental 
results. 
ý, I 
Klinger and Bertero [17] used the diagonal strut concept to 
analyse infilled frames under cyclic loading. Basically, an infill 
was replaced by two diagonal struts, one in each diagonal. Load- 
displacement curves under reversed loading were developed for the 
diagonal elements based on their experimental work on infilled 
frames. Assumptions were made to relate the response of one diagonal 
7 
element to the damage suffered by the other diagonal strut. 
It may be concluded from the above that 
(i) the equivalent strut concept is limited to solid infilled 
frames, 
0 (ii) there is disagreement about the width of strut to be used, 
and 
(iii) although the method may allow the reasonable prediction of 
global responses, if good estimates of strut widths can be 
made, it cannot be expected to correctly model local 
responses. 
A recent improvement to the method has been proposed by 
Thiruvengadam (18] who introduced the equivalent multiple strut 
model. The model essentially consists of a moment resisting frame 
with a number of pin jointed vertical and diagonal struts. The 
infill is divided into a number of vertical strips and a grid of 
shear panels. Each strip is replaced by a truss element of 
corresponding axial stiffness and each of the pure shear panels is 
replaced by two diagonals, one acting in compression and the other in 
tension. The area of each diagonal strut, Ad, is obtained as 
6 
b2 t 
Ad - 1.6 
4h(l+v) cos38 
in which v is the Poisson's ratio of the infill material. With the 
evaluation of the cross sectional area of the struts, the structure 
is brought to a form consisting of only line elements and can be 
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analysed by plane frame programs. Openings within the infill can be 
taken into account depending on their size and position. Separation 
of the frame is taken into account by removing the struts from the 
separated interface length. The method has been used for the 
evaluation of the natural frequencies of infilled frames and is 
claimed to be effective (18]. 
It must be noted here that the model requires prior knowledge of 
the contact length before the analysis can be carried out. 
Therefore, this length should either be assumed based on the 
experience of the analyst, or calculated, using Eq. 1.2. Some amount 
of judgement and approximation is also required in formulating the 
struts around the opening. With regard to the computational effort, 
the total number of unknowns may be marginally less than the 
corresponding finite element idealisation, but the resulting band 
width could be larger. 
1.2.2 Empirical Formulae 
Early experimental work [19] revealed that the strength of 
infilled frames is greater than the sum of the infill strength and 
the frame strength. The following interaction formula was suggested 
by Wood [20] to calculate the lateral strength of infilled frame, H, 
from the strengths of the bare frame, Hf, and unframed panel, H. 
2.0 
H-1.0 + ---- (HW + Hf) 1.7 H'If 
Hf+ 
9 
Mainstone [11] used the formula to evaluate the lateral strength 
of some test specimens and reported that it failed to give consistent 
results. 
An analytical study carried out by Riddington and Stafford-Smith 
[15], using a finite element program, indicated that the stresses at 
the centre of the infill are insensitive to the value of Xhh. Based 
on that, the following empirical formulae were proposed to calculate 
the horizontal shear, diagonal tensile, and vertical compressive 
stresses respectively. 
Txy = 1.43 H/bt 1.8 
O'dt - 0.58 H/bt 1.9 
ay - (0.8 h/b - 0.2) H/bt 1.10 
where H is the racking load. Based on these formulae and using the 
recommendations of CP111 for load bearing walls, Stafford-Smith and 
Riddington [21] suggested the following formulae for the maximum 
permissible racking load: 
(i) For shear failure, the lesser of 
bt 
H= 
14.6 - 1.28 h/b 
or 
H=0.35 bt 
1.11 
1.12 
10 
(ii) For diagonal tension failure 
H-0.12 bt 1.13 
In contrast to the central stresses, the compressive stresses 
near the loaded corners are extremely sensitive to the stiffness of 
the frame. Mainstone [11] suggested the following formula to 
calculate the racking load at which compressive failure occurs 
H-1.12 (Xhh)-°"875 (rc ht cos20 1.14 
1.2.3 Other Methods Related to the Theory of Elasticity 
Polyakov' '[4] has used the Airy function for plane stress 
conditions, and used the variational method to calculate the - shear 
and normal stresses at the centre of the infill. 
Whitney et al. [22) proposed that an infilled frame could be 
treated as a simple, cantilever beam in which the columns and the 
infill were represented'respectively by the flanges and the web of an 
I-beam. 
Sachanski [23] assumed that both the frame and infill were of 
elastic homogeneous material. The continuous bond at the interface 
was replaced by a finite number of connecting joints. The finite 
difference technique was used to solve the plane stress problem of 
the infill due to a`unit shear, and'normal loads acting at each joint 
in-turn. Corresponding unit solutions were obtained for the frame. 
The unknown shear and normal forces at the joints were solved from 
11 
simultaneous equations established by the condition of displacement 
compatibility. As presented, Sachanski's method ignored the 
separation of frame from the infill panel. However, it can be 
included without difficulty (24). 
0 1.2.4 Finite Element Method 
-Since 1967, when Mallik and Severn [24] and Karamanski [25] 
published their work, many other investigators, " have adopted- the 
finite element method to analyse infilled frames.. - 
Mallik and Severn [24] approached the problem by representing the 
infill by plane stress rectangular elements and the frame by beam 
elements-in which axial deformations were neglected. In the analysis 
an iterative "scheme was used to determine the unknown length of 
contact and the interface slip. Initially, along the'boundaries of 
the infill, --thenodes were. connected to-the nodes of the frame so 
that they have- common displacements normal and tangential to the 
interface. The frame and infill element stiffness matrices are then 
combined, 'to produce the structure'stiffness matrix, K. The problem 
was-solved for, -the displacement, -vector, a, such that 
AAW 
aa K-1 q 1.15 
where the external load vector, q, contains initially only a unit 
applied load. - From a, ý a displacement vector ä for the" infill nodes 
alone was extracted. - The load vector" for the inf ill, q, was then 
obtained from 
12 
Kä1.16 
where K is the stiffness matrix for the infill alone. The vector 'g 
was then investigated to find where tension between the frame and the 
infill occurred. Separation was assumed to occur in such regions. 
In order to take slip into account shear forces equal to the 
coefficient of friction, µ, times the normal forces were introduced 
along the contact lengths. These forces were applied only to the 
infill and it was stated that the corresponding forces on-the frame 
would do no work because the frame elements were assumed to be 
axially rigid. 
The latter statement is not valid as the shear forces would lead 
to bending in the frame members other than, the one to which the shear 
is-applied. - The method also implies that slip would occur in all the 
contact lengths which° is not justified- experimentally. Another 
weakness in the procedure arises from neglecting the axial 
deformation in the frame members. S 
Mallik and Severn x[26] used the same approach to calculate the 
frequencies and mode shapes for infilled frames. Reasonable results 
were obtained for infilled panels with height/span ratio less than 3. 
Axial deformations of the frame were not considered but were stated 
to be important. -" 
The procedure was refined, by including the axial deformation of 
the frame, by Mallik and Garg [27]. They applied the method to the 
analysis of infilled frames with shear connectors and openings. When 
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connectors were provided at the interface, the interaction forces 
between the frame and the infill were assumed to be only normal 
forces, i. e. the shear forces at the interface were neglected. This 
assumption was not justifiable, because the main contribution of the 
connectors at the interface is in the transmission of the lateral 
shear from the frame to the infill. 
Yuzugullu and Schnobrich (28] used link elements similar to those 
used by Ngo and Scordelis [29] to allow for separation and slip. 
Initially 'very large stiffnesses were assigned to the link elements 
in both the normal and tangential directions. The occurrence of a 
boundary crack was determined by comparing the shear and tensile 
strength values assigned to the springs with the forces acting 
between the wall and the frame. The crack allows separation of the 
wall and frame. For the particular problems analysed, reinforced 
concrete frames infilled with reinforced concrete panels, the 
solution found that few of the links cracked during loading. 
Riddington and Stafford-Smith [15] analysed infilled frames with 
linear elastic-material properties using the basic four noded plane 
stress rectangular element with two degrees of freedom at each node 
for both the frame and the infill. Linking matrices, representing 
short very stiff elements, were introduced to model the structural 
behaviour at the infill-frame interface. These elements forced both 
nodes at the interface to have identical displacement. Separation 
was simulated by removing the links between the nodes of infill and 
frame if any tensile stress perpendicular to the interface was 
detected. Only two extreme cases were considered along the interface 
where contact existed. These were 
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(i) No friction condition. This was modelled by using link 
elements with rigidity in the normal direction and zero 
stiffness in the tangential direction of the interface. 
(ii) No slip condition. In this case the link elements were 
rigid in both directions. 
King and Pandey [30) idealised the frame as prismatic bending 
elements having three degrees of freedom at each node. The infill 
was idealised in the same way as Riddington and Stafford-Smith [15] 
had used. The frame and infill materials were assumed to be-elastic. 
Friction elements,. similar to that developed by Goodman et'al. (31], 
were used to model the behaviour at the interface. With the use of 
these friction elements, more accurate interface behaviour can be 
simulated by adjusting the element properties according to the 
interface -condition. However, King and Pandey did not take into 
account the relief of friction due to the reduction of normal stress 
or the separation at- the interface because- they used a purely 
incremental-technique to"solve-the problem. 
Axley and Bertero [32] used a constraint approach by which a 
whole infill panel was modelled- by one rectangular, four-noded 
element, with three degrees of freedom at each node. This element 
could be inserted into a conventional frame analysis program. Four 
infill elements were presented corresponding to completely and 
partially infilled frames with complete and partial'' constraint 
assumptions considered. These infill elements were utilised in a 
series of analytical studies to investigate the dynamic 
characteristics of a building that suffered extensive damage during 
the February 1976 Guatemalan 'earthquake. Linear elastic materials 
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were assumed for both the frame and infill. 
Liauw and Kwan [33] proposed a finite element method in which the 
nonlinear behaviour of the steel frame and concrete infill have been 
considered as well as slip and separation at the interface. Constant 
strain, three noded triangular plane stress elements with two degrees 
of freedom at each node were used to model the infill. The concrete 
was idealised as a linearly elastic brittle material in tension, 
assuming that cracks occur when the principal tensile stress exceeds 
the tensile strength. For a cracked element, the Young's modulus 
modulus parallel to the normal to. the crack surface and the 'shear' 
crack direction were taken as zero. In compression the panel 
material was idealised using a uniaxial, trilinear, stress-strain 
relationship. The panel was assumed to be crushed when the principal 
compressive strain exceeded the ultimate limit. 
The use of uniaxial stress-strain relationship for the concrete 
filler is questionable as biaxial, or indeed triaxial, stress states 
occur at the loaded corners. 
The frame elements were standard prismatic bending elements 
having three degrees of freedom at each node. The material was 
idealised as elasto-plastic. 
The interface elements were essentially those used by Yuzugullu 
and Schnobrich (28] except that they were provided with a rigid arm 
at the frame side to account for eccentricity. Separation and slip 
were allowed by adjusting the interface properties according to the 
interface condition. Unlike King and Pandey, the relief of 
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frictional forces due to a reduction of normal stress or- separation 
was included in the analysis. 
An incremental-iterative procedure which updated the secant 
stiffness at every iteration was used in the analysis. 
Ma [34], and May and Ma [35] analysed infilled frames taking into 
account the material and interface nonlinearities. - Eight noded 
isoparametric membrane elements with two degrees, of freedom at each 
node were used -to model- the frame and the infill. The uniaxial 
stress-strain curve of the steel frame was assumed to be bi-linear in 
both compression and tension. ' On checking for yielding, Von-Mises 
yield criterion has been used, and any stress lying outside the yield 
function brought back on to the yield surface. A uniaxial, 
trilinear, stress-strain relationship was used for the concrete 
infill in compression, and elastic brittle behaviour in tension. 
After cracking occurs, the Young's modulus normal to the crack was 
reduced to zero while the shear modulus was reduced by a factor 1.0 > 
9>0.0. 
Link elements with two degrees of freedom at each node were used 
to model the behaviour at the infill-frame interface. The elements 
were very stiff in the direction normal to the interface, forcing the 
two nodes to move together in this direction. Slip between the 
infill and the frame was allowed when the shear forces along the 
interface exceeded the frictional force. Separation at the interface 
was not explicitly considered. It was stated that, in the analysis, 
boundary cracks were detected by the infill elements along the infill 
frame 'interface. As stresses were not allowed to be transferred 
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across these cracks, the stress pattern would be similar to those 
obtained when separation is allowed at the interface. This implicit 
separation enabled the modified Newton-Raphson iterative technique to 
be used in the analysis. 
The method has been assessed by- testing the program against 
published -results in which separation was explicitly modelled. 
However, the above argument is not always valid as the constraint of 
movement imposed by the link elements will not necessarily result in 
a principal stress direction parallel to the interface. 
Rivero and Walker [36] developed- a nonlinear. finite element 
analysis in which prismatic beam, and constant strain, triangular 
elements were used, to model the frame and infill respectively. Joint 
and/or gap elements were used to model the behaviour at the interface 
between the frame and infill. Joint elements were also used to 
connect the. triangular elements with each other. Cracking of the 
infill was allowed to occur along the boundaries of the elements and 
was achieved by adjusting the properties of these joint elements. 
The method was used to analyse infilled. frames under dynamic loading. 
Riddington [37] extended the finite element method described in 
reference [15] to investigate the effects of initial gaps between the 
frame and infill.. 
Dhanasekar et al.. (38,391 developed a finite element model for 
frames infilled with masonry infill. The brick model took into 
account the inelastic behaviour and the influence of the jointing 
planes on failure. _, 
Eight noded isoparametric elements, two noded 
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beam elements, and six noded joint elements were used to model the 
infill, frame, and mortar joint between the infill and the frame 
respectively. Failure within the mortar joint element is used to 
simulate the progressive separation of the frame and infill. 
Recently Papia [40] analysed infilled frames using a coupled 
finite element and boundary element solution scheme. The analysis 
which used elastic material behaviour was carried out utilising the 
boundary element method for the infill and by dividing the frame into 
finite elements, so as to transform the mutual interactions of the 
two sybsystems into stresses distributed along the boundary for the 
infill and into nodal actions for the frame. Separation between the 
frame and infill was taken into account. Reasonable results were 
obtained only for solid infills which exhibited elastic behaviour. 
1.2.5 Plastic Theory 
Wood (41] was the first to employ, in 1978, plastic theory to 
determine the collapse loads for rectangular unreinforced infill 
panels without openings. Both frames and infill were assumed to have 
rigid plastic stress-strain relationships with unlimited ductility. 
Four failure modes were analysed and coincident upper and lower bound 
solutions were found for most of them. 
Sims [42] extended Wood's method to cover cases of. frames 
infilled with reinforced concrete, and May and Ma [43] extended it to 
cover frames in which the joints between beams and columns are weaker 
than the frame members. 
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By considering the collapse mechanism in the infill to consist of 
yield lines together with plastic hinges developed at the bounding 
frames, May [44] was able to derive solutions for infilled panels 
with and without centrally placed openings. The yield lines undergo 
either rotation or shear displacements. This technique gives 
collapse modes more like those noted in the tests because the 
yielding of material is in concentrated zones, rather than the large 
zones of plastic material in the infill in Wood's collapse modes. 
The method has been used by May et al. [45,46] to cover infilled 
panels with openings anywhere, and multibay infilled frames. 
The main shortcomings of the plastic theory are 
(i) the assumption of the rigid plastic behaviour for the infill 
material, which has limited ductility, and 
(ii) the assumption of full interaction at the frame-infill 
boundary. 
In order to allow for these assumptions, Wood [41] recommended that 
the compressive strength of the infill material must be reduced by a 
penalty factor, yp. Charts, to aid for the determination of the 
penalty factor, have been proposed by Wood [41] and May et al. [46]. 
Liauw and Kwan [47,48] simplified the interface stresses obtained 
from their nonlinear finite element analysis and applied them to the 
frames which were analysed in accordance with plastic theory. 
Several collapse modes were considered, and the failure load assumed 
to be the smallest one. May et al. [49,50] have criticised Liauw and 
Kwan's plastic theory approach that, in the determining of the 
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collapse load for the infilled frame, they appear to have mixed up 
both the upper and lower bound solutions; the existence of both 
solutions is a basic tenet of the theory. 
1.3 Objective of the Research and Layout of the Thesis 
The experimental study of infilled frames is a difficult task and 
time consuming. The high number of parameters affecting their 
behaviour makes a systematic experimental programme very expensive. 
The rapid increase in the power of digital computers coupled with the 
decrease of their running cost make it possible to study the response 
of infilledframes analytically. In this research, the finite 
element method has been used for this reason. 1 
Most of the existing finite element models assume linear elastic 
properties for the infill materials. This is contradictory to 
experimental evidence and is inconsistent with the main objective of 
finding the ultimate strength of the structure. The programs that 
take account of non- linear behaviour of the infill, generally, use 
uniaxial stress-strain relationships for concrete in which unloading 
takes place along the loading path. Besides being unable to analyse 
structures under cyclic loading, this approach is questionable even 
for monotonic loading as the panels are in state of biaxial stress. 
Additionally, existing finite element programs utilise very simple 
post cracking models. 
The main object of the research was to develop a non-linear 
finite element program which simulates the behaviour of steel frames 
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infilled with concrete panels, which are subjected to monotonic, or 
cyclic loading. Analyses of one storey, multistorey, and multibay 
infilled frames with and without openings can be carried out. The 
analysis includes non-linear behaviour of the frame, the infill, and 
at the interface. The inclusion of both steel and concrete allowed 
the use of the program for other plane composite steel-concrete 
structures, and reinforced concrete members such as panels, deep 
beams, and shear walls, some of which are described in this thesis. 
The computer program has also been used to carry out investigations 
into the effect of both material modelling and numerical aspects of 
the method. 
The layout of the thesis is that in Chapter 2 the general finite 
element formulations are described. Chapter 3 deals with the 
constitutive relationships. Non-linear numerical techniques are 
described in Chapter 4. Chapter 5 presents the application of the 
program to reinforced concrete members. In Chapter 6 the application 
of the model to infilled frames is presented. Chapter 7 summarises 
the conclusions and formulates recommendations for future work. 
22 
H 
Fig. 1.1 Typical deformations of infilled frame 
Zone I Zone II Zone III 
0 
P-4 
Zone I Initial gap closing 
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linear elastic material 
behaviour 
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material response 
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Fig.. 1.2 Typical load-deflection curve for infilled frame 
with initial gao 
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CHAPTER TWO 
FINITE ELEMENT FORMULATIONS 
2.1' Introduction 
Analysis techniques in which a structure is represented as an 
assemblage of discrete members have long been established, and used 
by structural engineers. Most of these techniques employ one 
dimensional elements, beam or truss members, which are connected at 
their physical joints. Two dimensional structural elements connected 
at more than two joints to model 2D plane structures were developed 
in the mid-50's by Argyris and Kelsey [1], and Turner et al [2]. 
These elements were-used to solve more complex problems in the field 
of aircraft industry. ' In 1960 Clough [3] first introduced the term 
finite element method to indicate-an extension of structural analysis 
techniques which would be applied to the solution of problems in 
continuum mechanics. Since then the method has received a vast amount 
of attention from researchers both in the fields of mathematics and 
engineering mechanics. ' A major advance' was achieved once it was 
recognised that the finite element method is very similar to the Ritz 
analysis which had been used for many years for the solution of 
general variational problems. This recognition lead to the 
application of the method to many different variational problems 
beyond those encountered in continuum mechanics, e. g. heat transfer, 
fluid mechanics, magnetic fields, 'etc. 
A comprehensive discussion of the theory and application of the 
method with a wide bibliography is given by Zienkiewicz [4]. 
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Therefore, this chapter will only describe how the governing 
differential equation can be formulated for a non-linear structural 
continuum, the formation of discrete equilibrium equations based on 
. the 
displacement method. Also described are the convergence 
requirements of a discretised continuum, the finite elements and 
numerical integration rules that have been used in this work. Tensor 
notation is used in the formation of the continuum equations while 
matrix-vector notation is adopted for description of the discretised 
system. 
2.2 Formulation of the Governing Equilibrium Equations 
r 
The governing equilibrium equations for a non-linear structural 
continuum in a state of static equilibrium will be derived in this 
section using the principle of virtual work. This principle states 
that "if a general structure in equilibrium is subjected to a system 
of small virtual displacements within a compatible state of 
deformation, the virtual work due to the external action, oW, is 
equal to virtual strain energy due to the internal stresses, SV, " 
thus, 
aw - 0V 2.1 
Consider a system of volume v and surface area s subjected to 
body forces bi and boundary tractions ti, the external work done in 
moving these forces through the virtual displacement bui is 
6W -J buibidv +J buitids 2.2 
vs 
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The corresponding virtual strain energy is: 
6V -J beij Qij dv 2.3 
v 
Substituting for SW and 6V into equation 2.1 yields: 
Jbeij 
of j dv -J buibidv -J buitids -02.4 
vvs 
0 
Equation 2.4 represents the state of static equilibrium for a 
structural continuum. Integration in equation 2.4 is carried out 
over the volume and surface area of the body in its current 
configuration. This is termed as an updated Lagrangian description 
which is often not very suitable since the current configuration is 
as yet unknown. It is more convenient to take some previous known 
configuration as reference one, e. g. the original configuration of 
the undeformed body. This representation is known as a total 
Lagrangian formulation, in which eij and aij are in terms of Green's 
201 
strains an Piola-Kirchhoff stresses. Such a choice is reasonable as 
long as the strain remains small, which is the case for most 
structural applications. In this work, small strains are assumed 
throughout and the total Lagrangian description is adopted, hence, v, 
and s in equation 2.4 are the original volume and surface area 
respectively. 
Green's strain tensor may be related to the displacement as (5] 
Eij -# (uj, j +uj, j+um, iUM, j) 2.5 
where the comma denotes partial differentiation with respect to xi. 
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Although the displacement gradients uij are not generally 
symmetrical, they can be expressed as the sum of a symmetric tensor, 
eij and an antisymmetric tensor, wij where 
eij ui (ui, j+ uj, i) - ej i 2.6 
e wij =- f (ui, j- uj , i) - -wj1 
2.7 
The quantities eij and wij are referred to as the components of the 
infinitesimal strain and rotation tensors respectively. Clearly, 
ui, j - eij +. wij 
Introducing 2.6 and 2.7 into 2.5 yields, 
2.8 
eij - eij +J (emi + wmi) (emj + wmj) 2.9 
For flexible bodies such as plates and shells, the quantities eij may 
frequently be assumed to be infinitesimals of first order but the 
component wij may be much larger. Thus approximately, 
Eij - ejj +J Wmi Wmj 2.10 
Further, if both eij and wij are infinitesimals of first order and 
neglecting their products and squares, equation 2.9 will be reduced 
to: 
eil eij 2.11 
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Since this work is mainly dealing with plane stress problems and 
no geometrical non-linearity has been considered, equation 2.11 will 
be used throughout. 
Inelastic processes are often path-dependent and the stress 
tensor must then be integrated along the loading path. To this end 
0 equation 2.4 may be written as follows: 
t-At t J Seif [ Qi +J dij(7) dr ] dv -J buibidv -J Euitids -0 
vj t7-At vs2.12 
where &ij is the derivative of the stress tensor and 
iý t the 
stress tensor at r- t-at. For short-term loading t is referred to 
the loading incrementation process rather than time. Denoting 
t 
SQij -J &ij(r)dr 2.13 
t-Lt 
and introducing it into equation 2.12 yields: 
j beijbuijdv -J buibidv -J buitids +1o 
jj beij dv -0 
vvsv2.14 
The deviations 6aij and Seif are related through the 
constitutive equation. 
IV 
öoi j- Di jkl b ekl 2.15 
with Dijkl is a fourth-order tensor which contains the stiffness 
moduli. This tensor may be a function of the stress tensor, strain 
tensor, and their history. Constitutive relationship will be dealt 
with in detail in the next chapter. Finally, substituting for bail 
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into equation 2.14 yields, 
be D bEkl dv - bu b dv - bu t ds + Qt-At be dv-0 
vJ 
ij ijkl 
vJ 
ii 
sJ 
ii 
vi 
ij ij 
2.16 
Equation 2.16 is referred to as a linearised form of the equilibrium 
equation which governs the behaviour of a non-linear structural 
(5 continuum. It is important to note that although all the quantities 
are referred to the original configuration, the virtual work equation 
has been set up at r-t. This implies that 8 eif has to be evaluated 
for r-t. 
2.3 Discretisation of the Equilibrium Equations 
The finite element discretisation of the linearised equilibrium 
equation, 2.16, will be carried out in this section. Matrices and 
vectors will be distinguished from scalar quantities by underlining 
with wavy lines. Upper case and lower case will be used for matrices 
and vectors respectively. 
The continuum is sub-divided into n finite elements. Let the 
generic displacement, ue, at any point of the finite element be 
interpolated as: 
ue -N ae 2.17 
In which the matrix N contains the interpolation polynomials which 
relates the generic displacements, ue, to the nodal displacements, 
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ae, of an element e. Strain displacement relationships are obtained 
by differentiation of the generic displacements. This process may be 
formally written in matrix-vector notation as: 
ee -A ue 2.18 
In this equation matrix A consists of the differential operators. 
Substitution of equation 2.17 into 2.18 yields 
ee -B ae 
where 
B-6N 
2.19 
2.20 
Matrix B gives the strains at any point within the element due to 
unit values of nodal displacements. Rewriting equation 2.16 as a sum 
of integrations over, the volume and surface area of all the finite 
elements and for convenience replacing at-At by ao yields: 
21 3eeT D See dv -2J SueT be dv -2f SueT to ds 
n ve n -ve n se 
m +2 
J 
eeT dv-0 
n ve 
2.21 
where the superscript e denotes element quantities. Substituting for 
ue and le from equations 2.18 and 2.19 respectively into equation 
2.21, after rearranging becomes: 
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3 aT 
{J BTDB dvAae -ýJ NT be dv -ýJ NT to ds 
n ve n ve n se 
+2j BT. ae dv} 0 2.22 ýo . nv 
e 
As equation 2.22 must be valid for any virtual displacement we 
obtain the following set of algebraic equations: 
K0a-r2.23 
where K is the stiffness matrix of the element assemblage, 
K- BT DB dv 2.24 
n. e 
and 
r-p2.25 
where 
f- NT be dv + NT to ds 2.26 
n se n 
and and 
p-2J BT vo dv 2.27 
n ve 
Q 
The assemblage process of the element matrices to the structure 
matrices, referred to as the direct stiffness method, is 
automatically performed in the finite element discretisation process. 
Integration of equations 2.24,2.26, and 2.27 is usually carried 
out numerically as will be explained in section 2.7. Different 
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techniques to solve equation 2.23 will be discussed in Chapter 4. 
. 
2.4 Convergence of the Discretised System 
The accuracy of the finite element analysis is highly dependent 
a on the number and characteristics of the elements used in the 
discretisation process [4,6,7]. The solution must converge to the 
results implied by the 'exact' theory as more elements are used. 
However, this is not guaranteed, unless the elements employed have 
satisfied certain requirements. These are, (a) the elements should 
be complete, (b) the elements should be compatible. An element having 
those two properties is'called conforming. If the elements used'in 
an analysis are conforming convergence is monotonic; i. e. the 
accuracy of the analysis increases continuously as the number of 
elements is increased. 
The requirement of completeness ensures the ability of the 
element to produce the rigid-body motion and constant strain states. 
The necessity for the constant strain state arises from the argument 
that as the elements get smaller nearly constant strain conditions 
will prevail in them. Therefore, -a finite sized element must be able 
to produce this., ie"h qýV 
Compatibility means that the displacements within the element and 
across its boundaries are continuous, hence the strains at the 
interfaces are finite. In the-case of strains being defined by first 
derivatives as in the plane stress problems, only the displacements 
have to be continuous. If however, as in plate and shell problems, 
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the strains are defined by second derivatives of deflections, first 
derivatives of these have to be continuous [8]. This requirement is 
difficult to achieve in some cases. Furthermore, it is desirable in 
the analysis of some complex problems to use completely different 
types of elements which makes compatibility almost impossible. 
Provided that the completeness condition of an element assemblage is 
ARA' satisfied, good results can still be obtained but convergence, in 
general, will not remain monotonic. It is worth noting that the 
completeness of' an individual element does not guarantee the 
completeness of an element assemblage; i. e. the incompatibility may 
prohibit constant strain from being produced. 
As a test to investigate whether an assemblage of non-conforming 
elements is complete, the patch test has been proposed by Irons 
(9,10]. In this test a patch of elements is subjected to the 
specific nodal point displacements that in an exact analysis 
correspond to constant strain conditions. If the element strains do 
actually represent the constant strain conditions, the patch test is 
passed, i. e. the completeness condition is satisfied by the element 
assemblage. 
The rate of convergence depends on the polynomial expansion used- 
in the determination of the displacement function and in this context 
it has been found that the use of a complete and balanced polynomial 
is desirable (11]. Balance in two or three dimensional analysis is 
achieved by 'including terms of the same order for each generic 
displacement. For example, complete and balanced quadratic functions 
for a two dimensional continuum are 'as follows: 
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u- cl + C2 x+ C3 y+ C4 x2 + C5 xy + C6 y2 
2.28 
v- c7 + C8 x+ c9 y+ C10 x2 + Cll xy + C12 y2 
The Pascal triangle shown in Fig. 2.1 serves as a guide to selection 
of terms for two-dimensional elements. 
Aýft 
'Cod, 
2.5 Finite Element Idealisations 
" Recalling that the aim of this work is to develop a computer 
program capable of tracing the -non-linear behaviour of infilled 
frames and reinforced concrete structures under-loading. Therefore, 
three different finite element idealisations are required. These 
are; idealisations for the reinforced concrete, the frame, and the 
interface between the frame and the infill panels. 
2.5.1 Idealisation of Reinforced Concrete 
A variety of finite elements are presently available for use in 
analysis. Each has its virtues and vices which make the answer to 
the question of which one is the best, quite difficult. The constant 
strain triangular element, and the rectangular-element have been used 
enormously in the analysis of plane structures. The main advantages 
of them-are their simplicity. Their disadvantages lie in the fact 
that they require -a very fine mesh which' increases the size of the 
problem. In addition, their straight boundaries restrict their 
flexibility in the mesh design. 
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Suggestions have been made by many workers to improve the 
behaviour of the four noded rectangular element. These suggestions 
take two broad directions; the first is to retain the four nodes and 
to increase the number of degrees of freedom per node, and the second 
is to retain the two degrees of freedom per node and to increase the 
number of nodes. MacLeod [12] has introduced a special element in 
which he defines the rotations (av/äx and -öu/3y) at alternative 
nodes to serve as additional degrees of freedom, Fig. 2.2a. In order 
to achieve a unique rotation at each node two types of such element 
are required. They have to be allocated so that no pair of the same 
type have a common boundary, Fig. 2.2b. Clearly this restriction 
limits the application of such elements. Another refined rectangular 
element has been introduced by Oakberg and Weaver (13]. It has 
sixteen degrees of freedom, its generic displacements consist of u, 
v, ? v/ax and -äu/äy. This element is used primarily for analysing 
coupled shear walls, and shear wall-frame structures where the frame 
and the coupling beams are idealised using one dimensional flexural 
element. 
Higher order plane stress finite elements have been used to 
reduce the number of elements for a given problem (14]. The two 
translation displacements (u, v) are expressed in terms of a 
polynomial in x and y, with the number of terms equal to the number 
of nodes assigned to the element. The choice of terms in the 
polynomial for elements with different numbers of nodes is 
illustrated in Table 2.1. The use of high order finite element 
increases the computational effort significantly. Moreover, Mishu 
and Marshall (15] have found that up to a certain order the high 
order finite elements suffer from numerical instability. 
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Table 2.1 Displacement functions for some of the high order 
finit elements [14] 
9 
Element type No. of nodes Terms In polynomial 
Side x2 
Side y4 x r 
(c) xr T' 
Total 9 xr' r' 
xr' 
Side x2 1 
Side y5 x r 
xy r' tb) 
Total 10 xy` y' 
'r' r' 
=r' 
Side x2 x r 
Sidey6 
xy y 
(C) Total 12 xr, rs 
xys y4 
Xr' r' 
,y 
Side x4 x y 
(d) Side y4 x` xy y 
x' x: y xya y' 
Total 12 
x'y xy' - 
Side x4 
x y 
Side y5 s ' 
F1 
i xy y 
(E) 
Total 14 xs x'r xrs rs 
x'r Ilya r' 
xy 
S16 x5 x r 
Side y5 x' xy r' (f) 
xs isy xys ys 
Total 16 
I's x'y xy' y' Lo-ýj 
x'r xy 
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In recent years isoparametric elements have enjoyed considerable 
appeal for their simplicity and versatility. Among them, and may be 
the most widely used, is the eight noded element., It has 16 degrees 
of freedom with two translation displacements at each node. The 
element is capable of accommodating curved or non-rectangular 
boundaries. It is this element that has been adopted in this work. 
Steel, reinforcement may be represented in finite element analysis 
in three. ways. These are [16]: 
(a) embedded reinforcement 
(b) smeared reinforcement 
(c) discrete reinforcement 
The embedded representation [17] assumes the reinforcement bar to 
be an axial member built into the isoparametric element such that its 
displacements are consistent with those of the element. The bars are 
restricted to lie parallel to the local coordinate axes of the basic 
element and perfect bond must be assumed between the concrete and the 
reinforcement. 
For the smeared representation [18], the steel bars are assumed 
to be distributed into an equivalent layer within the concrete with 
axial properties in the direction of the bars only. A composite 
concrete-reinforcement constitutive relationship is used in this 
case. Again perfect bond is assumed between the concrete and steel 
bars. 
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A discrete representation of the reinforcement using one 
dimensional element has been most widely used. Axial frame members 
with two degrees of freedom at each node are usually employed. A one 
. 
dimensional flexural element with three degrees of freedom per node 
has also been adopted [16]. A significant advantage of the discrete 
representation in addition to its simplicity is' that it can account 
for possible displacement of reinforcement with respect to the 
surrounding concrete, the bond-slip behaviour. Their disadvantages 
though, are that they restrict theýmesh and increase the total number 
of elements. 
In this work, both the smeared and discrete representations are 
used. 'The smeared representation is adopted for the well distributed 
steel bars such as in the case of reinforced panels, deep beams, and 
shear walls. The discrete representation is used for the main 
reinforcement. A three noded isoparametric element with 6 degrees of 
freedom has been selected to serve this purpose. 
2.5.2 Idealisation of the Frame 
The one-dimensional flexural element with or without axial forces 
is usually used to represent the beams and columns in framed 
structures. There are two main beam theories on which such elements 
can be based [19]: 
(a) Euler-Bernoulli beam theory. This theory takes no account of 
transverse shear deformation. The simplest Euler-Bernoulli beam 
element' based on the displacement method is the well-known 
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Hermitian element [20] with cubic displacements. Bending may vary 
linearly over this element. 
(b) Timoshenko beam theory., This theory allows for transverse shear 
deformation effects. The simplest Timoshenko beam element is the 
Hughes element (21] with linear displacement and normal 
rotations. Bending moments are constant over this element. 
In the analysis of infilled frames the effect of shear 
deformations becomes more important than in the analysis of skeleton 
structures due to the interface between the frame and the filler 
panel. Therefore, Timoshenko's beam theory is adopted in this work. 
A three noded beam element with quadratic displacement and normal 
rotations is used. Bending moments may vary linearly over this 
element. 
2.5.3 Idealisation of the Interface 
The behaviour of the interfaces between the frame and the 
infilled panels are very complex. The contact surfaces may separate, 
stick together, or slide, depending on the interface conditions which 
are not known a priori. The available interface formulations can be 
broadly classified as either stiffness approach [22,23] or constraint 
approach [24-26]. A hybrid of these two approaches has also been 
developed [27]. The stiffness approach has been used in this work. 
In the stiffness approach the behaviour of interfaces are 
simulated by means of' fictitious finite elements. Two types of 
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elements are generally employed for this purpose. These are a link 
element similar to that proposed by Ngo [28], or a joint element as 
that introduced by Goodman [22]. ,A modified form of the latter is 
used here. This element has six nodes, and it has three degrees of 
freedom at the nodes which connect to frame elements and two at nodes 
which connect to infill elements. 
2.6 The Finite Elements Used in this Work 
For the sake of completeness, the finite elements that have been 
used in this work are briefly described here. 
2.6.1 Eight Noded Isoparametric Element 
a. --Shape functions 
The position of any point, p(x, y) within the element may be 
calculated as (see fig. 2.3) 
8 
Ni iE , '17) xi i-i 
2.29 
8 
y (E ' 77) - Ni (t ,71) yj 2.30 i-1 
where 
x, y are the Cartesian coordinates 
e, 77 are the. local, natural coordinates 
xi, yi are Cartesian coordinates of node i, and 
Ni is the shape function associated with node i in local coordinates 
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The shape functions Ni have a value of unity at the node to which 
they are related, and zero at all other nodes; also, their sum must 
be one anywhere within the element. Continuity at the edge of the 
element is ensured by using a parabolic variation in shape function. 
It can be verified that the following equations satisfy the shape 
function requirements. 
Ni - 1/4 (1+t) (1+t) (E+n-1) (i-1-4) 2.31 
Ni - 1/2 (1-ý2) (1+n) (i-5,7) 2.32 
Ni - 1/2 (1+E) (1-n2) (i-6,8) 2.33 
The above equations are shown graphically in Fig. 2.4. 
The generic displacement, (u, v) are expressed in the same way as 
the global coordinates: 
8 
u- Ni ( ., q) ui 2.34 i-1 
8 
v- Ni (E , 'i) vi 2.35 i-i 
where ui and vi are the global displacements at node i. 
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b. Strain displacement transformations 
In general, strains are related to displacements by equation 
[2.19]; 
6 
ee - Bae 
and its expanded form is 
äNi 
8 
Ee-2 o. i-i 
äNi 
0 
äNi 
aNi 
U; F 
2.19 
ui 
2.36 
v i 
Since Ni are given in local coordinates the chain rule of 
differentiation can be used to calculate the derivatives in equation 
2.36 w. r. t. (x, y); 
a ay ax a - a71 
1 2.37 r 
IJ Ia 
-Bf 
a 
BY Uý - U-5 
where IJi is the Jacobian determinant, given by, 
OO-O (3") 2.38 
The partial derivatives in equation 2.38, are calculated 
from 
equations 2.30 and 2.31. 
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c. Evaluation of the stiffness matrix 
From equation 2.24 the element stiffness matrix can be calculated 
as 
Ke -J BT DB dv 2.39 
where, for plane stress problems 
dv -t dx dy 2.40 
in which t is the thickness of the element. 
Equation 2.40 can be transformed into the natural coordinate as 
dv -tIJI dZ d7l 2.41 
Introducing equation 2.41 into 2.39 yields: 
Ke -t BT D -B IJ I dE dtv 2.42 
-1 -1 
where the integrations are carried out numerically. 
2.6.2 Three Noded Axial Element 
a) Shape functions 
For line elements, one natural coordinate (E) is sufficient, Fig. 
2.5. Assuming that the element lies along a local cartesian 
coordinate x' then any point within the element can be defined as: 
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3 
Ni (Z) Xi 2.43 
i-1 
3 
Ni (Z) Yi 2.44 
where xi, yj are the local cartesian coordinates of node i. 
The following equations define the shape functions for each nodal 
point 
N1 2.45 
N2 - (1 E2) 2.46 
N3 -1E (E+1) 2.47 
These shape functions are illustrated in Fig. 2.6. 
Using the-, same shape -functions the 
displacement at the local 
dimensional coordinate, u', can be written as: 
3 
u' (E) -> Ni ui' 
i-1 
2.48 
3 
v'() -I Ni vi' 2.49 
i-1 
where ui, vi are the displacement at node i in the local cartesian 
coordinates. 
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b) Strain displacement relationship 
Strains within the element are given by: 
AdEk 
MIR 
w 
,, e -B ale f 2.50 
where Eie and aie are the strain and nodal displacement vectors in 
local cartesian coordinate system. Matrix B may be written as: 
s- ax(? 9 o, 
a o, aN 0]2.51 
Using the chain rule, the differentiations of equation 2.51 can be 
written as 
a Ni () 
-1 
aN(i 
2.52 J dE 
where J- Uaxi 
3N 
.- xi +a x2 +r x3 2.53 
Note that for a special case when the midpoint lies in the middle of 
the element, equation 2.53 reduces to 
JL 
where L is the length of the element. 
2.54 
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c) Evaluations of the stiffness matrix 
The expression for stiffness evaluation is basically the same as 
for the two dimensional element, except integration is carried out in 
. one 
direction since the cross section area, As, is assumed constant 
over the length of the element. This can be expressed as: 
0L 
K'e -J BT DB dv - As 
f BT Es B dx 2.55 
vo 
where Kie is the element stiffness matrix in local cartesian 
coordinates, and Es is the modulus of elasticity for the steel bar. 
Equation 2.55 can be written in terms of natural coordinates as 
+1 
Kte - As 
f BT Es BJ dt 2.56 
-1 
in which the integration may be carried out numerically. 
Matrix K'e must be transformed into the global cartesian 
coordinates before it can be assembled into the structure stiffness 
matrix. This transformation is 
Ke - TT K' eT 
% where 
2.57 
T1 00 
T-0 12 0 2.58 
00 13 
and 
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cos B sin 9 
i' T -sin B cos BI2.59 
is a sub-matrix containing the direction cosines of the local 
coordinates and the global coordinates. 
2.6.3 Three Noded Timoshenko Beam Element 
a. Basic assumptions 
In Timoshenko's beam theory, it is usual to assume that normals 
to the neutral axis before deformation remain straight but not 
necessarily normal to the neutral axis after deformation. This 
implies that the axial displacement, u' at any point (x', y') may be 
expressed directly in terms of the axial displacement of the neutral 
axis, u'(x'), and the rotation of the normal, 9(x') so that 
of W, Y I) - u' (xs) - y8 O(x') 2.60 
The normal rotation 0(x) is equal to the slope of the neutral 
axis (dv'/dx') minus a rotation ß which is due to the transverse 
shear deformation, Fig. 2.7. Thus, 
0 (x') - 
dv, 
-ß2.61 
Note that the lateral deformation v' at any point (x', y') is given 
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by the lateral displacement at the neutral axis, i. e. 
v' W. y') -v (x') 2.62 
0 
b) Shape functions 
Any point along the neutral axis of the beam can be defined using 
equations 2.43-2.47. The generic displacements, u', v', and 0 can be 
defined as 
3 
u' () - Ni ui 2.63 
i-1 
3 
Vt (E) _ Ni vi 2.64 
i-1 
3 
B (Z) -> Ni Bi 2.65 
i-i 
where ui, vi and Bi are the local axial and lateral deformations of 
the neutral axis, and rotation of the normal at point i, 
respectively. 
c) Strain displacement relationship 
Strain displacement relationship is given by equation 2.48 as: 
eie -B aye 
52 
2.66 
0 
where B- 
ao0 
xo 
aN Ni ' 
005 
2.67 
and by using the chain rules of differentiation, eq. 2.66 will 
become: 
Ete -I 
J- 
00 ui 
0a- JNi vi 
00 -5 
8i 
where J is given by equation 2.53. 
d) Evaluation of the stiffness matrix 
2.68 
The element stiffness matrix can be evaluated as: 
L 
We - BT DB dx BT DBJ ds 2.69 
In the above equation the matrix D relates the strains of the neutral 
axis to the stress resultants, rather than the stresses themselves. 
The stress resultants are the axial force, shear force, and bending 
moment. The explicit form of D is 
53 
EA 00 
D-0 GA' 0 
00 EI 
2.70 
where E, is the modulus of elasticity, 
G is the shear modulus - E/[2(l+v)], v is the Poisson's 
ratio 
A, I are the area and second moment of area respectively, and 
A' is the reduced shear area 
Again transformations are required before assembling the 
structure stiffness matrix. 
2.6.4 The Interface Element 
a) Shape function 
The interface element, Fig. 2.8, is assumed to have the relative 
displacements between the two contact surfaces, Au and Av, as the 
degrees of freedom. The relative displacements along the element are 
related to the relative displacements at the nodes as follows, 
Au 
_ 
Ni 0 ui - ui I 
Dv 
I 10 
Ni 
II 
vi -vI2.71 
in which i-1,2,3, j-i+3, and Ni is defined by equations 
2.45-2.47. 
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The relative nodal displacement can be written as: 
u- ui S0 -S 0u iIi 
vi - vi .00 -ö vi 
Ui 
Vi 
4) 
in which 
1 0 0 
b- 0 1 0 
0 0 1 
b) Strain displacement relationship 
2.72 
2.73 
The relative normal and tangential movements can be calculated 
from the relative displacements as: 
e Cosa sing Au 
en 
IaI 
-sing Cosa 
II 
AV 
thus 
Et cosO sing Ni 0 
a 
en -sing cos9 
I0 
Ni 
Equation 2.75 may be formally written as 
2.74 
60 -S 0 uj 
06 0-a 
I 
vi 
Ui 
vi 
2.75 
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ee -B ae 2.76 
c) Evaluation of the stiffness matrix 
The stiffness matrix of the interface is given by 
K'e IL BT DB dx 
+- 
BT DBJ dE 2.77 
0 -1 
in which matrix D relates the normal and tangential stresses at the 
interface to the relative movements. The dimension of the stiffness 
matrix resulting from equation 2.77 is 12 x 12. It can be directly 
used between two 8-noded isoparametric elements. Since the skeletal 
frame is replaced by frame elements residing at the axis of the 
frame, rigid arms are added between the axes of the frame and the 
interface to account for the eccentricity, Fig. 2.8. Taking these 
rigid arms into account, matrix KCe must be transformed to produce 
the 15 x 15 element stiffness matrix to include the 3 rotations of 
the beam members. The transformation is carried out as follows 
Ke - HT Kee H 
where H is a transformation matrix given in Appendix 1. 
2.78 
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2.7 Numerical Integration 
As is shown in the previous sections, the evaluation of the 
stiffnesses and the equivalent nodal loads involve integrations. 
Explicit integration for these functions may be very difficult or, 
even impossible. In such cases it is necessary to use numerical 
integration. One of the most accurate and convenient methods is the 
Gaussian-Legendre quadrature. It is suitable for isoparametric 
elements since its range of integration is ± 1.0 which coincides with 
the limits of the natural coordinate axes. An example of the required 
integration for a one dimensional problem is the stiffness matrix of 
equation 2.56,2.69, or 2.77, which is given by: 
+1 J BT DBJ dt 2.79 
-1 
This can be written formally as: 
+1 
Jf (t ) dZ 2.80 
-1 
The numerical integration of which is: 
m 
I-2 wi f (Z 1) 2.81 
i-i 
where 
wi is the weight factor of the integration point i 
Ei is the coordinate of the integration point i 
m is the number of integration points 
The method can integrate a polynomial of order (2m-1) exactly. 
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In two dimensional problems, the required integral may be written 
as: 
+1 +1 
z- JJ f(tn)dZdq 2.82 
-1 -1 
and its numerical integration takes the form: 
mm 
wi Wj f (Ej, nj) 2.83 
jý 
Since much of the computing time for a finite 
spent on the numerical integrations, it is 
understand the advantages and limitations 
integration rules in order to reduce the number 
to the minimum possible consistent with the 
accuracy. 
2.7.1 Required Order of Integration 
element analysis is 
very important to 
of the numerical 
of integration points 
required degree of 
The required order of integration to evaluate a specific element 
matrix without error can be determined by calculating the order of 
the function to be integrated and comparing it with the order of the 
polynomial that can be integrated exactly for a specific number of 
integration points. For example, if the stiffness matrix of equation 
2.56 is considered, then the function to be integrated is, 
f(E) - BT Es BJ2.84 
where Es is constant, and B and J are defined by equation 2.51 and 
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2.53 respectively. For a quadratic shape function the order of both 
B and J will be 1, hence the order of the function is 3. 
Since the method integrates a polynomial of order (2m-1) exactly, 
two integration points are required to evaluate the stiffness matrix 
without error. 
2.7.2 Reduced and Selective Integration 
The displacement formulation of. the finite element always 
overestimates the system stiffness, provided that the requirements of 
section 2.4 are satisfied. Therefore, by not evaluating the element 
stiffness matrix exactly in the numerical integration, better results 
can be obtained [29]. In other words a reduction of numerical 
integration order from the order that is required to evaluate the 
element. stiffness matrix exactly could lead in many. cases to improved 
results. 
However, for problems involving cracking of concrete and 
softening models (see Chapter 3), Dodds et al. (30] and Crisfield 
, 
[31], have shown that the reduced 2x2 integration rule for an eight 
noded isoparametric element may cause "local mechanisms". Therefore 
it is recommended to use the full 3x3 integration rule for such 
cases. 
In addition to reduced integration, it is beneficial in some 
problems. to integrate the different, strain terms, with different 
orders of -integration. Selective integration is often used in shear 
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deformable bending problems such as beams, plates and shells. The 
elements used for these problems often suffer from the "shear locking 
phenomenon" which leads to overstiff solutions [32]. This phenomenon 
can be cured by integrating the shear energy using a reduced order of 
integration and fully integrating the bending contribution. 
61 Considering Timoshenko's beam of section 2.6.3, only the 
contribution of shear to the stiffness matrix requires integration of 
order 3, the other terms, axial force and bending require integration 
of order 2. However, two integration points are used to calculate 
all the terms of the stiffness matrix, which implies selective 
integration. 
2.7.3 Spurious Zero Energy Modes 
Sometimes the use of reduced integration can result in the 
development of spurious zero energy modes; i. e. if the order of 
numerical integration is too low, the stiffness matrix can have a 
larger number of zero eigenvalues than the number of physical rigid 
body modes. A simple example would be the evaluation of the 
stiffness matrix of the 3 noded bar element of section 2.6.2. If one 
numerical integration point is used the row and column corresponding 
to the degree of freedom at the midnode of the element would be null 
vectors, which may result in a structure stiffness matrix that is 
singular. Therefore, the number of integration points needs, in 
general, to be higher than a certain limit. Zeinkiewicz [4] has 
stated that "if the total number of unknowns exceeds the number of 
independent relations supplied at all the integration points, then 
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the stiffness matrix must be singular". From this statement, the 
above limit may be calculated for two-dimensional problems as: 
NGP - (2 x NNP - NRD)/3 
where 
9 
NGP - minimum number of integration points 
NNP - number of nodes 
NRD - number of restrained degrees of freedom 
0 
2.85 
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CHAPTER THREE 
CONSTITUTIVE MODELS 
3.1 Introduction 
In the formulation of the governing equilibrium equation, Eq. 
2.16, it has been assumed that the derivations of the stress and 
strain tensors are related through the constitutive equation, Eq. 
2.15. This assumption is also implied in the discretised form of the 
equilibrium equation. Consequently, the following constitutive 
models-are required, 
constitutive model for concrete 
constitutive model for the steel reinforcement 
constitutive model for the steel frame 
constitutive model for the interface 
The term "constitutive model" is used here not only in the 
context of a stress-strain relationship but also, as in the case of 
the frame, to signify a load-displacement relationship. This Chapter 
describes all of the above models. Due to its importance, concrete 
modelling is given special emphasis. 
ö-, 
3.2 Concrete Constitutive Model 
Concrete is a composite material which consists essentially of 
cement, water and aggregate. Cement is hydrated to produce a binding 
medium, called cement paste. The cement paste bonds the aggregate to 
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produce highly heterogeneous stone-like material, concrete. Due to 
the incomplete hydration, cement paste usually contains capillary 
pores which are filled with air or water. Capillary pores can be 
viewed as a source of weakness in the structure of the concrete. 
Other sources of weakness may, arise from, the aggregate, which itself 
may contain flaws, in addition to being the cause of micro-cracking 
ZN at the interface with the cement paste. These very fine bond cracks 
exist at the interface even prior to the application of any load. 
Such micro-cracking occurs as a result of differential volume changes 
between the cement . paste and the aggregate, 
i. e. due to the 
difference -in stress-strain relationships, Fig. 3.1, and in the 
thermal and moisture movement [1]. These cracks remain stable and do 
not grow under low stress, up to about 30 per cent of the compressive 
strength of concrete, fc. The propagation of micro-cracks at higher 
loads contributes to the non-linear behaviour of concrete and also 
causes volume expansion near to failure. 
Many experimental studies on the behaviour of concrete have been 
carried out (for example see refs. (2-101). The aims of the 
experimental works are twofold; the first is to gain a better 
understanding of the complex behaviour of concrete under various 
states of loading in order to determine, the factors that govern its 
responses, and to examine the mechanism of failure under these 
loading states; and the second is to provide -data to develop 
numerical models based on the experimental results. 
During the past 20 years, since Ngo (11] applied the finite 
element method to the analysis of reinforced concrete beams, 
significant advances in the numerical modelling of concrete have been 
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made. However, a unified numerical model has not yet been achieved. 
A numerical model for use in a non-linear finite element program 
should include the following: 
1) A stress-strain relationship to simulate the behaviour of 
concrete prior to failure. 
2) Failure criteria representing the ultimate strength of 
concrete under different loading states. 
3) A post failure stress-strain relationship to account for the 
softening behaviour. 
Modelling of each of these constituents is discussed in the 
following. 
3.2.1 Stress-strain models 
Several approaches have been used to define the stress-strain 
behaviour of concrete. They can be grouped into (a) elasticity based 
i ,. 
models, (b) plasticity based models, and (c) endochronic theory based 
models. An extensive review of the various models used in the finite 
element analysis of reinforced concrete structures is given in 
(12,13]. Therefore, only the basic concepts and the limitations of 
these models will be reviewed here. 
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3.2.1.1 Elasticity based models 
In general two different approaches are utilised in the develop- 
ment of non-linear elasticity-based stress-strain relationships. 
These are the total stress-strain descriptions which includes the 
Cauchy elastic and Green hyperelastic types, and the incremental 
stress-strain descriptions of the hypoelastic type. 
e 
For Cauchy elastic models, the current state of stress is 
uniquely expressed as a function of the current state of strain as 
a_ij fij (Ekl) "x 
3.1 
where fij , 
isthe elastic-response function of material and Qij and 
ekl are the component of stress and strain tensors, respectively. 
The elastic behaviour represented by equation 3.1 is both reversible 
and path-independent. Many constitutive models for concrete have 
been based on Cauchy formulations, e. g. the models of Kupfer and 
Gerstle. [14], and Cedolin et al. (15]. - In these; models the 
constitutive relationship is expressed in terms of - 
the secant bulk 
and shear moduli, K. and GS, respectively such that 
Qm Ks. Ekk 
0 
and Si j- 2Gs ui j 
3.2 
3.3 
where am - vkk/3 As the mean normal stress, Sij is, the stress 
deviation or, shear stress component, and Ujj is the distortion or 
shear strain. component. 
Expressions for Ks and Gs, in terms of the 
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stress and/or-strain invariants, were developed by fitting curves to 
the experimental data obtained from biaxial tests. 
Green hyperelastic models are based on the assumption of the 
existence of strain energy-density function V(eij) or a complementary 
energy-density function R(Qij). such that. 
e av an 
and eij - 3.4 
C3 E ij a oij 
in which V and n are functions of the current components of the 
strain and stress tensors, respectively. This ensures that no energy 
can be generated through load cycles [13]. Equation 3.4 yields a 
one-to-one relation between current states of stress and strain [16], 
and they can be rewritten in the usual forms 
aij - Dijkl -Ekl and eij - 
Cijkl °'kl 3.5 
where the secant moduli Dijkl(emn) and Cijkl(Umn) depend only. on the 
current states of strain or stress, respectively. Hyperelastic 
models are also reversible, and path independent. Therefore, both 
Cauchy, elastic and Green hyperelastic models can be used for concrete 
sustaining, monotonic proportional loading. However, when material 
experiences unloading,, they, fail to predict inelastic deformations. 
The incremental type of, formulation is often utilised to describe 
the behaviour. of material in which the state of stress depends on the 
current state of stress as well as on the stress path followed to 
reach that state. In general, the incremental constitutive relations 
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are written as 
doi j- fi j (dekl, vmn) 3.6 
in which doij and dtkl are the stress and strain-increment tensors, 
respectively, and fij are tensor functions. A special case of 
equation 3.6 is the hypoelastic relation in which strain increments 
are linearly related to stress increments through the 
material-response moduli Dijkl which depends on stress or strain 
components, [17] 
doij - Dijkl (Qmn) dekl 3.7. a 
or dQij - Dijkl (emn) dekl 3.7. b 
The behaviour described by equation 3.7 is infinitesimally (or 
incrementally) reversible. ` 
Various special, simplified forms of the hypoelastic formulation 
have been developed and utilised for modelling concrete behaviour. 
Some of these models assume the behaviour of concrete to be 
incrementally isotropic, i. e. the effect of stress-induced anisotropy 
is neglected [18]. Other models [3,19,20] include a particular type 
of stress-induced anisotropy, since concrete is represented as an 
orthotropic material [12]. One of the most widely used orthotropic 
hypoelastic models is that proposed by Darwin and Pecknold [19] which 
has been used to represent the behaviour of concrete under cyclic 
loading. The model is based on the concept of "equivalent uniaxial 
strain", whereby the effect of biaxial stresses on the internal 
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damage in concrete is represented by equivalent stress-strain curves 
for each of the principal stress axes. 
Recently, a hypoelastic model for concrete under cyclic loading 
has been developed by Buyukozturk and Tseng (21]. It is based on the 
concepts of Darwin's model and utilizes their own experimental data. 
In spite of the reasonably good agreement between the theoretical 
results using these type of models and the experimental results, its 
application to loading histories, 'which include rotating principal 
stress directions, has been subject to several objections (22,23]. A 
potential weakness of the model may be the requirement that the 
equivalent uniaxial strain must{ be accumulated in the principal 
stress axes and the value of the material parameters Ei are 
controlled by the principal stresses without regard to the rotation 
of the principal axes (12]. 
3.2.1.2 Plasticity based models 
The incremental theory Of plasticity is based on three 
fundamental assumptions [13]: 1) the shape of an initial yield 
surface, 2) the evolution of subsequent loading surfaces, the 
hardening rule, and 3) the formulation of an appropriate flow rule. 
The total strain increments deij are decomposed into elastic and 
plastic components deil and deiy such that 
deij - dein + dein 3.8 
The initial yield surface is the limiting surface for elastic 
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behaviour. It can be written as 
k 3.9 
where f is some function of the stress components and k is a material 
parameter to be determined experimentally. When the material is 
stressed beyond the initial yield surface, a subsequent new yield 
surface called- the loading surface is developed. Increments of 
stress directed inward from the loading surface or lying in the plane 
tangential to it produce only elastic strain. At any stage of 
plastic 'deformation, the' loading surface can be represented 
geometrically by a surface in stress spaces This surface changes its 
configuration with plastic' flow according to intrinsic variables 
which are expressed in terms of plastic strain and a hardening 
parameter, h, 
f-f (Qi j, e i3, h) 3.10 
states for which f-0 represent yield states, while for f<0 
elastic behaviour occurs. The rule for the evolution of subsequent 
yield surfaces is called the hardening rule. Three types of 
hardening rule are frequently used; isotropic, kinematic and mixed 
hardening rules. In an isotropic hardening rule, the initial yield 
surface is assumed to expand uniformly without distortion as plastic 
flow occurs. The kinematic hardening rule assumes that during 
plastic flow the loading surface translates as a rigid body in the 
stress space maintaining. the size and the shape of the initial yield 
surface. In the mixed hardening rule, the loading surface 
experiences both translation and uniform expansion in all directions. 
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The necessary connection between the loading function and the 
stress-strain relation is made by means of a flow rule. The flow 
rule may be defined as 
ag 
deja - da 
aaij 
U 
3.11 
where dX >0 is a scalar plastic multiplier which can vary throughout 
the straining process, and g(Qij, eij, h) is the plastic potential 
function [13]. The gradient of the potential surface (äg/&Qij) 
defines the direction of the plastic strain increment vector while 
the length is determined by the hardening or loading parameter dx. 
If the plastic potential surface has the same shape as the current 
yield or loading surface, then the flow rule is termed associated and 
equation 3.11 takes the form 
of dei3 - dX 
0 
3.12 
i. e. the plastic flow develops along the normal to the loading 
surface. This normality condition is one of the consequences of, the 
Drucker stability postulate (13]. 
Utilizing the hardening and flow rules will eventually lead to a 
stress-strain relationship of the form 
drij - Dijkl dckl 3.13 
where Dijkl - Dijkl - Dijkl is the tensor of elasto plastic moduli in 
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W 
which Di3kl introduces the decrease in stiffness due to plastic 
straining. Several models based on normality conditions have been 
developed, e. g. Chen and Chen [24], Buyukozturk (25], Imbabi and Cope 
. (26], and Owen and Figueiras [27]. These models may accurately 
predict inelastic deformation, dilatancy, and hydrostatic pressure 
sensitivity, but softening, and, degradation of stiffness and 
hysteretic behaviour of concrete under cyclic loading may not be 
represented satisfactorily. Since a decrease of all components of 
stress is impossible for strictly plastic behaviour satisfying 
Drucker's stability postulate, models which combine plasticity 
theories and fracturing concepts have been proposed (28-30] to 
account for softening. The 
, 
fracturing phenomena are better 
characterized in terms of a loading surface that depends on strains 
rather than stresses. Therefore plastic-fracturing theory requires 
two loading surfaces (28], 
fioij, Hki - 0, so(eij, Hk) - 0,. 1 
3.14 
where Hk and Hk are hardening parameters. In addition to the strain 
decomposition of equation 3.8 the stress increment may be decomposed 
into elastic stress increment doiý and fracture stress decrement daf 
fr dTjj- duie e .-d,. 
f 
3.15 
and the incremental stress-strain relationship takes the form 
daij ' Dijk1 dck1 3.16 
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where' Dijkl - Dijkl - Dijk ' Dijkl is the tangential modulus. 
Moduli Dijjl and Dijkl introduce the decrease in stiffness due to 
plastic strain increment and fracturing stress decrements 
respectively. 
Non-linear behaviour on loading and reloading is accounted for by 
W 
introducing a jump-kinematic hardening rule (28], according to which 
the instantaneous centre of the plastic and fracturing loading 
surfaces jump to a new location whenever a load reversal takes place. 
Fardis et al. [31] have developed a model for monotonic and 
cyclic behaviour of concrete. In this model the strain components 
are entirely plastic. An essential feature of the model is a 
bounding surface in stress space which is a function of emax, the 
maximum strain ever experienced by the material. The stress point 
always lies inside or on the bounding surface. The distance of the 
stress point from the bounding surface along the direction of the 
instantaneous stress increment determines the material moduli. 
3.2.1.3 Endochronic theory based models 
The endochronic theory of inelasticity was originally proposed by 
.0 
Valanis [32] for the description of the mechanical behaviour of 
metals. Bazant and his co-workers [33-35] have extended the 
application of this theory to frictional materials like rock, sand 
and concrete. The basic concept underlying the endochronic 
formulations is the characterization of the material strain state in 
terms of an intrinsic time, which is a non-decreasing scalar variable 
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that depends on increments of strain and. geometrically represents the 
length of the path traced by the state of the material in a strain 
space. The early versions of the theory do not require the existence 
of a yield condition, loading surfaces or hardening rules, and 
criteria for loading and unloading. Although At is capable of 
modelling many complex phenomena, the early endochronic formulation 
AV% was subjected to serious criticism, particularly in connection with M 
stability during small-amplitude stress and strain cycling (36,37]. 
For a small unloading oscillation these formulations do not predict 
closed hysteresis loops, and yield a reloading path that is less 
steep than the unloading slope. These criticisms have been 
eliminated by refining the theory. The main refinement was the 
introduction of loading surfaces and jump-kinematic hardening [35]. 
This refinement gives the theory features similar to ordinary 
plasticity theory. Later, Valanis [38] showed that endochronic 
formulations include various versions of classical plasticity 
theories as particular cases. Some of the recent developments and 
applications of the endochronic theory have been reviewed by Valanis 
and Lee [39]. 
3.2.2 Modelling the Failure of Concrete 
D In general, concrete failure can be divided into compressive 
(crushing) and tensile (cracking) models. Crushing failure is the 
complete rupture and disintegration of the material. Concrete is, 
usually, assumed to have been crushed when the deformation level 
reaches its ultimate capacity. This can be represented by a surface 
in the strain space. After crushing, the current stresses drop 
80 
abruptly to zero, and the concrete is assumed to lose its resistance 
completely against further deformation in any direction. 
The tensile failure of concrete is characterized by a gradual 
growth of micro-cracks, which join together and eventually disconnect 
larger parts of the structure. After cracking, the concrete 
gradually loses its strength normal to the crack direction. However, 
material parallel to the crack is assumed to carry stress according 
to the uniaxial or biaxial conditions prevailing parallel to the 
crack. Proper modelling of cracks is, probably, the most important 
part of the material model and it is considered in detail in the 
following. 
3.2.2.1 Cracking models 
Due to its low tensile strength concrete cracks at very low 
stress compared with its ultimate compressive stress. The tensile 
cracks reduce the stiffness of concrete and are usually considered as 
the major source of non-linearity in the behaviour of plane and 
reinforced concrete structures. Consequently, an enormous amount of 
attention has been given to the numerical representation of cracks. 
In general, each model is composed of the following three basic le-A v7V 
components: 
a) a criteria for crack initiation, 
b) a method of crack representation, 
and c) a criteria for crack propagation. 
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Two criteria for crack initiation have been commonly used; the 
maximum principal stress criterion and the maximum principal strain 
criterion. When a principal stress or strain exceeds its limiting 
value a crack is assumed to occur in a plane normal to the direction 
of the offending principal stress or strain. The limiting stress or 
strain value which causes the crack is not a well-defined quantity; 
for specimens cast from the same concrete, the flexural tensile AVA 
strength determined from a modulus of rupture test is higher than the 
tensile strength of a split cylinder, which is in turn higher than 
the tensile strength obtained from a direct tension test. In 
addition, for each type of test there is significant scatter in the 
results as shown in Fig. 3.2a, b. The answer to the question of which 
tensile strength is to be used in an analysis is dependent on the 
type of problem to be solved. The predicted non-linear response of a 
reinforced member can be very sensitive to the specified tensile 
strength. For beam and slab analyses, reasonable predictions are 
usually obtained when the split cylinder strength of a standard 
specimen is used [41]; a lower value may be needed for panels. 
Cracks are represented in the finite element analysis in two 
different ways; the discrete and smeared crack representations. The 
discrete crack model, which was originally introduced by Ngo and 
Scordelis [11] and has been modified by many others, represents the 
. 07 
crack by a physical separation of preselected finite elements along 
their boundaries. The preselection of the position and orientation 
of the cracks imposes a geometrical restriction since these are not 
known in advance. This restriction can be rectified to some extent 
by a redefinition of the finite element topology (42]. Such 
techniques are very complex and expensive (13]. Due to these 
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difficulties and restrictions the discrete crack models are not 
favoured in finite element analysis for general structural 
application. However, "this model can be useful'in obtaining details 
of the local behaviour of concrete structures. 
In the smeared crack models the local discontinuities are 
distributed over some area within the finite element. Hence, 
relative displacements of crack surfaces are represented by fictional 
strains and the constitutive behaviour of cracked concrete can be 
modelled in terms of stress-strain relations. This formulation is 
more popular since it allows for automatic generation of cracks 
without redefinition of the finite element topology and offers 
complete generality in possible crack direction [12]. The smeared 
crack concept fits the nature of the finite element displacement 
method, as the continuity of the displacement field remains intact. 
Many of the current finite element programs adopt a smeared crack 
model with fixed-orthogonal cracks. In this approach the direction 
of the crack is fixed normal to the direction of the first principal 
stress that violates the cracking criterion. After a crack is formed 
the concrete behaves orthotropically with local material axes being 
defined by the directions normal and tangential to the crack plane, n 
and t axes in Fig. 3.3. The incremental stress-strain relationship 
in the local material axes may be written, for plane stress problems 
as 
aýn Etn 00 Den 
auf -0 Ett 0 Aft 
aT 00 ßG fry 
3.17 
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where the terms Etn and Ett are the tangential stiffnesses in the 
directions normal and tangential to the crack, respectively. The 
reduced shear modulus ßG is assumed along the crack plane to account 
for aggregate interlocking and dowel action. The stress increments 
in the global axes direction are then 
&Tx Etn 00 AEX 
AQy - TT 0 Ett `0 T Aey 3.18 
nTXy 00 13G AyXY 
where T is 'a transformation matrix (which consists of the direction 
cosines; 
C2 S2 -2SC 
T- S2 C2 2SC 3.19 
SC -SC C2-S2 
1 2Txy in which C- cosO, S- sine and 0-.. tan 7l is the direction 
ax - O*y 
of the principal stress which causes the crack. 
By fixing the direction of the cracks, the subsequent rotation of 
the principal stresses is ignored which may lead to a stiffer 
response and 
rotation of t 
the rotating, 
property axes 
strain axes. 
(44]. The 
higher collapse loads (43,44]. To allow for the 
he principal stresses, Cope and Rao [45] have suggested 
or swinging, crack model. In this model, the material 
are permitted to follow the rotation of the principal 
A similar approach has been used by Gupta and Akbar 
swinging crack model can be criticised as being 
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"un-objective" (23] in that the properties originally relating to a 
crack in one direction are assumed to rotate and relate to a new 
direction. Therefore, it is not recommended for cyclic loading 
problems [46]. However, the application of this model has produced 
better (softer) responses than that produced by fixed orthogonal 
crack models for monotonically loaded problems [44,46,47]. 
In the swinging crack formulation, the principal stress and 
strain directions are assumed to coincide. An incremental 
stress-strain relationship for a no-tension stiffening, zero 
Poisson's ratio ' and linear elastic -concrete with uniform 
reinforcement has been derived by Gupta and Akbar [44]. It may be 
written as 
Agxy - D* 'Exy 3.20 
in which' D* -D+G-3.21 
sin49 sin26 cos2B '-sin39 cosO 
where D-E cos4B -sin 0 coh 3.22 
sym sin2B cos2B 
in which 9-1 tan 1 
yxy 
3.23 
% EX Ey 
and G represents the effects of possible change in the crack 
direction and is given by 
k 
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Txy 
G-x 
2sinO cos8 ((eX ey)2 + yxy2)i 
sin2 28 -sin2 20 -sin29 cos2O If 
sing 20 sin2B cos28 3.24 
sym cos2 20 
A more general incremental stress-strain relationship based on the 
swinging crack concept has been derived by Crisfield [47]. 
An important feature of. the swinging crack models is that their 
incremental stress-strain relationships do not involve a 
shear-retention factor, ß. 
Although experimental evidence (48] has' shown that cracks 
inclined to the initial crack can occur for certain problems, the 
crack does not usually form until relatively large strains have been 
attained, and this may not occur until the steel bars in one 
direction start yielding. For this reason Cope et al. [49] suggested 
the use of a hybrid approach. In this approach the fixed orthotropic 
model is used until the rotation and magnitude of principal tensile 
strain exceeds prescribed values. The rotating crack approach would 
then be triggered to determine the direction of the new fixed crack. 
An alternative approach to the problem of rotation of the 
principal strain direction has been proposed by De Borst and Nauta 
(50]. The model permits multiple cracks to occur at one sampling 
point. Yet allowing new cracks to form every time that the stresses 
rotate slightly and violate the tensile strength in the new principal 
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direction, leads to excessive cracking and closing of existing 
cracks. Moreover the existence of multiple cracks at an integration 
point results in a rapid decrease of the shear stiffness of the total 
systems which may lead to ill-conditioning of the stiffness matrix. 
For this reason, a threshold angle has been introduced which allows 
new cracks to form only when the angle between the current direction 
of the major principal stress and the normal to the existing cracks 
has exceeded the threshold angle (51]. 
3.2.2.2 Post cracking models 
It is generally agreed that following cracking the subsequent 
loss of stiffness at the cracked point can be simulated by both a 
gradual release of stress normal to the crack plane, and a reduction 
of its capacity to transfer shear. 
After a crack occurs all the additional deformation due to 
micro-cracks will localise within a so-called fracture zone 
(concentrated near the crack tip). In this zone the stress gradually 
decreases as the strain increases. However, in the vicinity of the 
fracture zone a softening zone is formed where the strain decreases 
with crack opening and some of the micro-cracks at this zone are 
`-J arrested or even closed. These changes in the internal 
microstructure of concrete contributed to the residual strength of 
plain concrete after cracking [52,53]. When reinforcement exists the 
nature of the stress release is further complicated by the 
restraining effects of the reinforcing bars. After cracking some of 
the tensile force is transferred to the reinforcement, and some is 
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retained in the concrete between the cracks due to the bond effect. 
This ability of concrete to share the tensile load with the 
reinforcement is termed tension stiffening. The experimental work of 
. Clark and Spiers [54] showed that the effect of tension stiffening 
decreases with an increase in the steel ratio and with increasing 
steel strains. 
The tension stiffening effect of concrete has been represented in 
finite element analysis using two procedures (12]. In the first 
method, the tension portion of the concrete stress-strain curve has 
been given a descending branch, Fig. 3.4. This form of the tension 
stiffening effect was first introduced by Scanlon (55], and has been 
used by many workers. Descending branches of many different shapes 
have been employed, e. g. linear [56], bilinear (41] and curved shapes 
[57). Some of the recent models [30,58] relate the shape and extent 
of the falling branch to the mesh size and the fracture energy of the 
concrete, Gf. This is defined as the energy required to create one 
unit area of continuous crack surface, and may be calculated from the 
area under the stress-displacement curve obtained from a stable, very 
stiff, displacement controlled tension test. 
The second method of representing the stiffening effect is to 
increase the steel stiffness [12]. The additional stress in the 
steel represents the total tensile force carried by both the steel 
and the concrete between the cracks. 
Experimental evidence reveals that cracked reinforced concrete 
members retain a significant shear stiffness. This is mainly due to 
both the frictional effect at the rough crack interface, and the 
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restraining contribution of the reinforcing steel. These processes 
are often termed aggregate interlock and dowel action respectively. 
The effect of various parameters on the shear carrying capacity 
of cracked concrete has been studied by many investigators (59-65]. 
The crack width was determined to be the most important variable. 
Detailed discussions of the results can be found in references 12 and 
62. 
The numerical representation of interface shear transfer in 
finite element models depends on the type of crack representation. 
In the discrete crack model, special linkage elements with fictitious 
springs such as those introduced by Ngo and Schordiles (11], are 
usually used. In cases where smeared cracking is employed a reduced 
shear stiffness, ßG, may be used in the constitutive relation of 
cracked concrete. In the analysis of deep beams, Cervenka [66] 
reduces the shear modulus`, "G, of the uncracked concrete to zero once 
cracking occurs'. ` A constant value of 0.0 <ß<1.0 was used by Hand 
et al. (67] and Phillips [68]. Decreasing the value of ßG as a 
function of the fictitious strain normal to the crack has been 
suggested by many workers and found to predict better results for 
members failing in shear (62,69]. 
All these models do not take into account the normal displacement 
caused by the tangential slip, and the normal compressive stress 
transmitted across the crack by aggregate interlock. A more 
sophisticated model, which takes these effects into account, has been 
suggested by Bazant and Gambarova [70]. Unfortunately, the 
incremental stress-strain relationship of this model is asymmetric 
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which may cause numerical difficulties. 
3.3 Concrete Model Used 
Since the response of reinforced concrete cannot be classified as 
Ach ductile nor as truly brittle, the present constitutive model combines 
the characteristics of both plasticity and fracture mechanics 
formulations. 
In compression, an elasto-plastic work hardening approach, with - 
limited ductility up to the onset of crushing, is adopted. The model 
will, therefore, be described in terms of 
the yield criterion, 
the hardening rule, 
the flow rule, and 
the crushing condition. 
In tension, the response is assumed to be elastic until cracking 
occurs. The numerical crack model will be described in terms of 
the cracking criterion, 
the tension softening formulation, 
the shear retention model, 
the criterion for closing and re-opening of a crack, and 
the treatment of compressive stresses parallel to the 
crack direction 
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3.3.1 Modelling the Behaviour of Concrete in Compression 
3.3.1.1 The yield criterion 
'As has been previously mentioned, the yield criterion determines 
the stress level at which plastic deformation begins, and can be 
written in its general form as 
f(Qij) -k3.25 
where k is `a"material"parameter. On physical grounds, the initial 
yield function should be independent of the orientation of the 
coordinate system employed and therefore it should be a function of 
the stress invariants only [71]. The yield criterion employed in 
this work is of the form [27] 
F(aij) - F(I1. J2) (aIl + 33J2)ß - Qo 3.26 
where Il is the first stress invariant, J2 is the second deviatoric 
stress invariant, a and g are material parameters, and oo >0 is the 
yielding stress taken from the uniaxial compressive test. For plane 
stress problems, Il and J2 reduced to 
I1 - O"X+cry 
1 
and J2 -- (QX2 + Qy2 C" -X Ty) + T2 3.27 
3 
Therefore equation 3.26 can be written as 
91 
(a(0x + ay) + ß{(o*x2 + (ry2 - vX 0y) +3 1Xy2)] - 0o 3.28 
Since the uniaxial and equal biaxial compressive stress states are 
special cases of equation 3.28 they are used to determine parameters 
a and ß as follows. For a uniaxial compressive state, ax -. -moo, 0y - 
rxy - 0, equation 3.28 becomes 
IW 
a+ (1 - ß) 0-03.29 
For practical purposes a relation can be assumed between the equal 
biaxial compressive yield stress (or strength), fcb, and the uniaxial 
compressive yield stress (strength), fc, so that 
fcb -c fc 3.30 
where c is a constant in the range of (1.15 - 1.20) depending on the 
experimental results. If Kupfer's is used, i. e. c-1.16, ax - ay - 
- 1.16 0o, rxy - 0, then equation 3.28 becomes 
2.32a + (1 - 1.3456 ß) oro -03.31 
From equations 3.30 and 3.31 the material parameters. are 
Qa-0.35468 
ao and ß-1.35468 3.32 
and the yield function 
f(oij) - [0.35468 ao(c + ay) + 1.35468 ((° 2+ 0-y2 - vX ay) 
+3 7Xy2)lj - 00 3.33 
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Fig. 3.5 compares this function, for Qo - fc, with Kupfer's and 
Von-Misse's envelopes. 
According to equation 3.33, the initiation of plastic yielding is 
controlled by a single - material parameter, vo, which can be 
determined from the uniaxial compressive strength of concrete, f' as 
0-0 - cp fc where 0< cp < 1.0. If cp - 1.0 then elastic- perfectly 
plastic behaviour will result, while an elasto-plastic- hardening 
model results for cp < 1.0. Fig. 3.6 illustrates both models for 
uniaxial stress states. 
3.3.1.2 The hardening rule 
The hardening rule is necessary to define the change of position 
of the loading (yielding) surfaces during plastic deformation. An 
isotropic hardening rule is adopted. Using this rule the initial 
yield surface is assumed to expand uniformly without distortion as 
plastic flow occurs. A relationship between the accumulated 
(effective) plastic strain ep and the effective (equivalent) stress, 
a is required to control the size of expansion. The equation of 
subsequent yielding surfaces may be written, in general, as 
f (iri j) - Ia Il + ß(3J)] i-v3.34 
The concepts of effective plastic strain and effective stress are 
used to allow for extrapolation from the results of a uniaxial test 
to the multiaxial situation. The effective stress may be defined as 
the stress level 'at which further plastic deformation will occur. 
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The effective plastic strain is an integrated increasing function of 
the plastic strain increments. The work hardening hypothesis is 
employed here to define the effective plastic strain; 
dWp - Qij deýj -7 dep ' 3.35 
from which de 
cij dEj 
p-3.36 
Q 
The equivalent stress-strain, relation can be directly obtained 
from the uniaxial compressive stress-strain curve by subtracting the 
elastic strain. In, the present work the uniaxial stress- strain 
curve is assumed to be linear up to a stress level equal to cpfC 
followed by a parabolic shape up to the compressive strengh fc, 
vE e for0<cpf 3.37 
and 
' 
cpfc 1E cpfc 
2 
o-cpfc+E e- -, ý- 
Ie 
E co E 
for cpfc <Q4 f1 3.38 
where E is the initial modulus of elasticity, eo is the total strain 
corresponding to the peak stress (see Fig. 3.6), and e is the total 
uniaxial strain which is assumed to be separable into elastic 'and 
plastic components, 
6- 6e + 6p 3.39 
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The effective stress-plastic strain relation is defined by 
substituting equations 3.39 and 3.37 into equation 3.38 and solving 
for Q; 
- cpfr - Eep + (2.0E2 e0 ep)f 3.40 
The following parameters, which produce a good agreement with the 49111 
experimental data, are adopted: 
2(1 - cp) fý 
eo - and cP - 0.30 3.41 
E 
3.3.1.3 The flow rule 
In the present model an associated flow rule is employed to 
define the increment of plastic strain. Although very little 
supportive experimental evidence is available the associated flow 
rule is, usually, used for concrete models, predominantly for its 
simple formulations. Recalling equation 3.12, the plastic strain 
increment is determined as 
of 
dei - dX 
(0-i3 
a (rij 
3.42 
where dX is a factor determining the size of the plastic strain 
increment and äf/&Qij is a vector normal to the current loading 
surface termed the flow vector. In order to evaluate the components 
of the flow vector it is"more convenient to rewrite equation 3.34 as 
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f(oij) - [2b 'i I1 + R(3J2)Ji -v3.43 
with b- a/27. This can be solved for Q, giving 
f (Qi j) -b Il + ((b11)2 + 16(3J2)1' -Q3.44 
which can be written for plane stress problems as 
f(Qij) - b(Qx + cTy) + [(b2 + R)ýx2 + (b2 + R)ay2 
+ (2b2 - R)O"xQy + 39 rxy2]J 3.45 
The yield function derivatives which define the flow vector, a, can 
now be evaluated, 
of of of T 
3.46 
aaX aay arxy 
in which 
of 
-b+ (2(b2 + ß)ox + (2b2 - a)cyl/Q 3.47 acr 
of 
-b+ [2(b2 + ß)qy + (2b2 - Q)oXj/Q 3.48 
aTy 
of 
- 6ß rXy/Q 3.49 
arxy 
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where Q- 2((b2 + Q) ax2 + (b2 + ß) vy2 + (2b2 - ß) OxGy 
+ 30(rxy)2] 3.50 
a 
and b-- 
27 
Using the values of the parameters a and ß from equation 3.32 we get 
b-0.17734 and ß-1.35468 3.51 
The plastic multiplier can be found to be [71] 
dÄ - 
aT D de 
HI +aTDa 
3.52 
where D is the elastic constitutive matrix which, for plane stress 
problems, can be written as 
1v0 
E 
It, 103.53 
1- v2 1-v 00-, £- 
and H' is the hardening parameter, 
1 do, 
H' -- dWp 3.54 
dX dWp 
Using the work hardening hypothesis and Euler's theorem (71], 
equation 3.54, reduces to H' - dQ/dep, the slope of the effective 
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stress-strain curve. From equation 3.40 
Eo 
2ep 
3.55 
Substituting equation 3.52 into 3.42, using vector notations and 
noting that dX is a scaler quantity, yields 
aaTD 
deP - dE 3.56 
HI +aTDa 
The elastic strain increment is related to the stress increment by 
the elastic constitutive relation given by 
da - Pdeg 3.57 
Combining equations 3.56 and 3.36, and substituting in equation 3.57 
yields 
DaaTD 
do, - di 3.58 2 H' + aT 2a 
lu 
Equation 3.58 is the complete elasto-plastic incremental 
stress-strain relationship, in which the second term in the bracket 
represents the stiffness degradation due to the plastic deformations. 
It is worth noting that equation 3.58 is basically valid for 
infinitesimal stress increment. When the applied load increment is 
not sufficiently small, the stress point may depart from the loading 
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surface. In this case the excess stress is returned back to the 
loading surface in several stages as described by Owen and Hinton 
(71]. 
3.3.1.4 The crushing condition " 
The yield criterion and the-hardening rule define a family of 
expanding loading surfaces. In order to account for the limited load 
carrying capacity of concrete, the expansion of the loading surface 
is constrained within a certain zone. This zone is defined by cpfc < 
o- < f. and illustrated in Fig. 3.7. " Beyond that perfect plastic'flow 
occurs'where the loading surface is fixed in the stress space. This 
state continues until the ultimate deformation capacity of the 
concrete is reached and the concrete crushes. Since crushing failure 
is ä strain controlled phenomenon, a failure surface in the strain 
space must be defined in order to take this type of failure into 
account. ' Lack of available experimental data has, `resulted in the 
failure surface being developed by simply converting the yield 
criterion described in terms of stresses directly into strains 
(13,721. Thus, 
[a Ii + ß(3J2)) - Ecu 3.59 
where Ii is the first strain invariant, J2 the second deviatoric 
strain invariant, Ecu is the ultimate total strain extrapolated from 
the uniaxial compressive test results, and a and ß are as defined 
before. 
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3.3.2 Tension Behaviour and Cracking Model 
In tension, the concrete has been assumed to be linearly elastic 
up to cracking. The onset of cracking is predicted by a maximum 
tensile stress criterion defined in terms of the principal stresses, 
al and 0'2. The cracks are represented following the fixed orthogonal 
smeared crack approach. After cracking the stress normal to the 
crack is released gradually according to a 'tension stiffening' model 
related to the fracture energy. The ability of cracked concrete to 
transfer shear stress across the crack interface is accounted for by 
gradual decreasing of the shear modulus. Partial and full closing of 
cracks are permitted and the degradation in compressive strength of 
concrete normal to crack opening is also taken account of. 
3.3.2.1 The cracking criterion 
Concrete is assumed to be cracked whenever the tensile stress 
reaches the limiting tensile value shown in the biaxial failure 
envelope, Fig. 3.8. In the tension-tension zone a crack is formed 
when either of the principal stresses reaches the tensile strength, 
ft, when both principal stresses exceed ft at the same time, two 
orthogonal cracks are allowed to form. In the tension compression 
zones a linear envelope function is assumed, thus 
f(oij) - 0-1 - ft 
0.602 
1+ 
fC 
3.60 
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where 
ax + Illy 
Q1_ _2 
x- ay)2 2 
2+ 
Txy 3.61 
Equation 3.60 has been chosen because it fits the experimental 
1W 
results better than the tension cut off, and avoids the numerical 
problems that might be encountered due to spurious cracking, when 
concrete is subjected to high compressive stresses, should a linear 
relation such as line AB in Fig. 3.8 be used. 
On achievement of this condition, it is assumed that a crack 
plane develops perpendicular to the maximum principal stress 
direction at angle, 0, with the global axes, 
B- tan 12 
TXY 
3.62 
ax - Qy 
This direction is maintained throughout the analysis. The effect of 
cracking is that the normal and shear stiffnesses across the cracking 
plane, and the corresponding normal and shear stresses are reduced. 
After a crack is formed Poisson's ratio is set to zero due to the 
lack of interaction between the two orthogonal directions after 
cracking. The material related to the integrated point is assumed to 
behave orthotropically with local material axes being defined by the 
directions normal and tangential to the crack plane (n, t). The 
constitutive matrix in local axes is given by 
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En 00 
Pcr -0 Et 0 
00 ßG 
3.63 
where En is the stiffness normal to the crack direction, 
Et is the stiffness parallel'to the crack direction, 
ßG is the reduced shear stiffness. 
Strictly speaking the modulus of elasticity normal to the crack 
direction, En, should be negative as it is the slope of the softening 
curve. However, this could cause numerical' problems due to the 
formation of negative pivots in the stiffness matrix. To, avoid this 
a very small positive value has been assigned to the normal 
stiffness. 
On further loading a second orthogonal crack is allowed to open 
when the stress parallel to the first crack exceeds ft. 
3.3.2.2 The tension stiffening 
The tension stiffening of concrete after cracking is represented 
by providing the stress-strain curve with a descending branch. The 
following relationship has been implemented in some of the analyses 
presented in Chapter 5. 
vn - a2 for 
(al - En/ECr) 
for eor < En < a1eor 3.64 
(al - 1) 
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and 
Qn - 0.0 for en > a1Ecr 
where Qn and En are the stress and strain normal to the crack 
direction respectively, fcr is the cracking stress, determined from 
AN the cracking criterion, ecr is the strain associated with fcr, and al 
and a2 are softening parameters, Fig. 3.9. The choice of specific 
values for these parameters is very difficult because they have no 
physical significance. Values of al in the range of 5- 25, and a2 
in the range of 0.2 "- 1.0, have been used by different workers 
(72-76]. 
A recent numerical study by Al-Manaseer and Phillips (77] on the 
effect of these parameters on the non linear solution of reinforced 
concrete deep beam has shown how. the variation of these parameters 
can affect significantly the load deflection curve, crack propagation 
and ultimate load, and significantly influence the total number of 
iterations required to achieve a converged solution. The best load 
deflection curve they obtained was when setting al - 10 and a2 - 0.6. 
To improve the realism of the model and to relate it to the size 
of the finite elements, the softening branch may be related to the 
fracture energy of concrete, Cf, where 
Co 
Gf - JQ(w)dw 3.65 0 
in which w is the crack width. In the smeared crack representation 
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the crack width is substituted by an equivalent strain normal to the 
crack such that 
v 
w-- en 3.66 
S 
S where V is the volume associated with the cracked integration point, 
S is the crack surface, and en is the strain normal to the crack. 
The ratio V/S is termed the characteristic length, 1c. For two 
dimensional problems lc is given an approximated value which is the 
square root of the area belonging to the integration point. 
The following exponential function has been used in the rest of 
Chapter Five examples and all those of Chapter Six. 
-(en - ecr)/as 
ýn - fcr e 3.67 
where as is a softening parameter which can be calculated from 
equations 3.65 and 3.66 as 
as 
Gf 
i 
fcr lc 
3.68 
By relating the softening parameter to the fracture energy, 
cracking strength and the characteristic crack length, equation 3.67 
demonstrates both the physical relevance and the achieved mesh 
dependence of the strain softening model. However this relationship 
is applicable to crack propagation in plain concrete only and does 
not account for the tension stiffening effect due to the presence of 
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reinforcing bars. De Borst [51] indicates that the use of this 
approach in multiple or non orthogonal cracks models will lead to 
consuming the fracture energy more than once. 
3.3.2.3 The shear retention model 
In the current model, the ability of concrete to transfer shear 
force across. the crack interface. is, accounted for by introducing a 
reduction factor,, ß, to the shear modulus of uncracked concrete for 
cracked concrete. This factor decreases with the increase of the 
strain normal to the direction of the crack, which represents the 
crack width, as follows. The variation of ß with strain is shown in 
Fig. 3.10. Before cracking, ß is assigned a value of unity, once a 
crack occurs it is reduced to 0.5; ß is assumed to decrease linearly 
with increasing normal strain until the strain reaches its ultimate 
value, al ecr when the crack is assumed. to be fully open, ß is given 
by 
0.4 en 
ß al -+0.1 3.69 
al -1 ecr 
At strains greater than al ecr a value of ß-0.1 is used, this is 
IIIE for numerical reasons. 
When secondary cracking occurs a further reduction is imposed on 
the shear stiffness. This is achieved by multiplying the value of ß, 
for the first crack, by a second value calculated from equation 3.69 
using the strain normal to the second crack. 
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3.3.2.4 Closing and re-opening of cracks 
During the loading process, especially when a complete load 
reversal is applied, 'a previously opened crack can begin to close and 
eventually close totally. The crack may re-open again upon load 
reversal. Therefore criteria for closing and re-opening of cracks 
are essential. For this purpose the concept of'crack width in terms 19) 
of strain normal to the crack (19], rather than actual separation of 
two faces, is adopted. Just after a crack has formed, the width of 
crack i, where i-1,2, can be defined as 
Wi 
En i 
3.70 
where Qcr i is the stress causing the crack, and En i is the normal 
modulus prior to the formation of the crack, which need not be 
equal-to the initial modulus of elasticity of concrete. Once the 
crack has formed the normal strain increment, 64ni is calculated, and 
the crack width may be determined as 
0cri 
wi -+2 Een i 3.71 
En im 
W 
where m is the number of load increments following crack formation. 
Unloading and re-loading of a cracked point is allowed through a 
secant path. The point from which unloading starts, termed the 
reference point in Fig. 3.11, is continuously recorded. When the 
crack width becomes less than or equal to zero, the crack closes. 
106 
After a crack is closed the concrete is assumed to recover its 
strength, stiffness, and isotropic behaviour. 
After passing through the elasto plastic compressive cycle, the 
compressive stress may return back to zero and start to proceed into 
tension. In this case, the crack re-opens at a stress level equal to 
that corresponding to the reference point. The width of the new 
crack is calculated in the same manner as for the previous crack. 
The complete cycle of forming, closing and re-opening of a crack 
is illustrated in Fig. 3.11. 
3.3.2.5 The treatment of the compressive stresses parallel to the 
. crack direction 
Cracking of concrete is a partial and directional failure, and 
thus concrete can still sustain stresses parallel to the direction of 
cracks. If a compressive stress is present in this direction the 
concrete may yield or even crush. A uniaxial elasto-plastic stress- 
strain relationship with limited ductility is assumed to represent 
this behaviour. 
The. degradation of the concrete compressive strength due to the 
increase of tensile strain normal to the crack, reported by Vecchio 
and Collins [48], is accounted for by reducing the compressive 
strength of the concrete by a reduction factor, X. Following 
Cervenka's proposal [78] the reduction factor is 
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en 
1ý -1- kl 
0.005 
In which kl is a factor to be determined from tests. 
0 3.4 Modelling of Steel Reinforcement 
3.72 
Typical stress stain curves for steel reinforcing bars under 
monotonic tension load are shown in Fig. 3.12. The response in 
tension and compression is usually assumed'to be identical. 
In the present model a bilinear elasto-plastic model with 
kinematic strain hardening, -to account for the Bauschinger effect, is 
used for the steel bars as shown in Fig. 3.13. Since the 
reinforcement bars can'be oriented at any direction, their-behaviour 
is first described in the local direction and then transferred to the 
global direction, as with the cracked concrete. 
? 3.5 Frame Material Model 
The beam and column elements of the frame are assumed'to have a 
bilinear moment rotation behaviour. Again the experimentally 
observed Bauschinger effect is accounted for-by a kinematic` hardening 
rule, Fig. 3.14. The axial load-displacement, `and shear 
force-deformation relationships are assumed to be linear elastic. 
Finally, no coupling 'between 'the axial load or the shear force with 
moment is assumed. 
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3.6 Modelling the Behaviour at the Interface 
The stresses and stains (the relative movement) at the interface 
may, in general, be related through a constitutive relationship such 
as 
out Ktt Ktn act 
3.73 
Sun Knt Knn ben 
In this work however, the relative shear and normal displacements are 
assumed to be uncoupled. Therefore equation 3: 73 is reduced to" 
but Kt 0 set 
6 Qn 0 Kn Sen 
3.74 
where, Kt and Kn are the tangential and normal interface stiffness 
coefficients respectively. Different interface conditions can be 
modelled by adjusting these coefficients. When the normal strain is 
in tension, i. e. En > 0.0, separation is assumed to be taking place, 
and the normal stiffness, Kn, is taken as zero, Fig. 3.15a. Since a 
separated interface cannot take up any shearing stress the shear 
stiffness, Kt, is also taken as zero. If en < 0.0, the interface is 
assumed to be in contact, and a very high value is assigned to Kn. 
The tangential stress-strain relationship is assumed to be 
elastic perfectly plastic using a Mohr-Coulomb yield criterion with 
zero cohesion. When Intl < IA onl, where µ is the coefficient of 
friction of the interface, firm contact is assumed and Kt assigned 
the value of the slope of the tangential stress-relative displacement 
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curve resulting from shear box tests, Fig. 3.15b. Slip takes place 
whenever Intl exceeds jµ 0n1. In such a case, at is reduced to A an 
and Kt is taken as zero. 
Vales of the stiffness coefficients, Kt and Kn used in the 
analyses for different interface conditions are listed in Table 3.1. 
Table 3.1 Selection of interface stiffness coefficients 
Interface conditions 
Stiffness Coefficients 
Kt Kn 
Firm contact Experimental Very high 
(en < 0.0, and Intl < iµ and), .. value value 
Contact interface with slip Very low Very high 
(en < 0.0, and iQti >I anl) value value 
Separation or intial lack of, Very low Very low 
fit value value 
(en > 0.0) 
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CHAPTER FOUR 
NON-LINEAR SOLUTION TECHNIQUES 
4.1 Introduction 
The nonlinear response of most structures can easily be verified 
from the examination of the load-displacement history obtained from a 
test. A typical load-displacement plot for a monotonically loaded 
nonlinear structure is shown in Fig. 4.1. There can be several 
causes for such a response. These can be broadly divided into three 
categories: 
(i) Large deformations in 
, 
the structure, geometrical 
nonlinearity. 
(ii) Nonlinear material behaviour, material nonlinearity. 
(iii) Changes in the boundary conditions, contact nonlinearity. 
In the present study both material and contact nonlinearities are 
considered. 
The objective of a structural analysis is to determine the 
structural response under loading. This can be achieved relatively 
easily in linear problems. In nonlinear problems, however, more 
sophisticated solution strategies have to be employed. In general, 
the problem is reduced to the solution of a series of linear problems 
[1]. An incremental technique coupled with an iterative process 
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until convergence is achieved is usually used in this context. 
Much effort has been devoted, in the past ten years, to the 
development of efficient solution algorithms in the field of 
nonlinear finite element analyses. This has resulted in improvements 
in the incrementation techniques, the iterative process, equation 
solution, and convergence criteria. This chapter presents the 
numerical techniques used in this work and briefly introduces some 
other related methods. In the following section, the basic nonlinear 
techniques are-briefly described. The. iterative process, the line 
search techniques,, and methods of overcoming limit points are 
described in the three sections that follow. The convergence 
criteria, termination of the analysis and the re-start facilities are 
dealt with in sections 4.6,4.7 and 4.8 respectively. Finally, the 
chapter concludes with a brief description of the computer program 
developed in the course of this work. - 
4.2 Basic Techniques for Solving Nonlinear Equations 
As was seen in Chapter Two, the finite element discretisation of 
a nonlinear structure leads to a system of algebraic equations of the 
0 
form, 
r (a) -P (a) -x (a) 
where r is the out of balance load vector, 
4.1 
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P (a) 
JBTrdv 
4.2 
is the internal nodal load vector, 
f is a fixed external load vector, 
X (a) is a scalar which on multiplication by defines the 
total external forces, and 
a is the vector of unknown nodal displacements. 
The satisfaction of equilibrium at the nodes requires that the 
external load vector equal the internal - load"vector, i. e. the out of 
balance force vector be zero. 
r (a) -0 4.3 
The solution of Eq. 4.3 is usually attempted using one of the 
following three basic techniques. 
- iterative analysis 
- incremental analysis, or 
- iterative - incremental analysis. 
These three techniques are shown for a single degree of freedom in 
Fig. 4.2a, b and c respectively, and described briefly below. 
In purely iterative techniques, the full load is applied in one 
increment, Fig. 4.2a, and an initial vector of unknown displacement, 
usually the linear solution, al, is determined. Iterative 
corrections are performed then in order to get a progressively 
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improved solution, a2, a3. This can be achieved as follows. The 
stresses corresponding to the predicted solution are calculated using 
the relevant constitutive laws. A vector of internal forces, El, is 
calculated and compared with the external load vector, Af. The 
difference between these two vectors, the out of balance forces, ri, 
is then successively applied to the structure until the internal 
loads equal, or very closely correspond to, the externally applied 
load (convergence). The total displacements are calculated by 
summing the displacements from each iteration. In practice, the 
progress of the iteration procedure is monitored with reference to a 
specified' convergence criterion, the satisfaction of which indicates 
the approximate solution. Convergence criteria and tolerances are 
dealt with in section 4.6. 
For problems where the entire response of the structure is 
required, purely iterative methods cannot be used because they fail 
to produce information about the intermediate stages. An incremental 
technique is essential in these cases. 
The basis of the incremental technique is that the total load is 
sub-divided into smaller load increments. For each of these load 
increments linear constitutive and geometrical relationships are 
assumed. The simplest incremental procedure is the Euler method (1]. 
A modification of this method is the "midpoint Runge-Kutta" method. 
In this method, after a solution has been obtained of an increment, 
it is used together with the solution of the previous increment to 
calculate a stiffness matrix at some interval within the increment, 
and this stiffness matrix is used to calculate an improved solution. 
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The incremental method in its original and modified, forms, does 
not account for force redistribution during the application of the 
load increments. Therefore 
., 
it suffers from a progressive and 
uncorrected tendency to drift from the true equilibrium path, see 
Fig. 4.2b. 
In the mixed incremental-iterative method, the external loading 
is applied in increments and the solution corresponding to-each load 
increment is obtained by iterating until convergence is achieved. 
Nowadays this technique is the most commonly used procedure in 
nonlinear finite element analyses. Many options are available for 
the iterative techniques, a , good review of 
them is given by Crisfield 
[2]. 
In the following section, the background to the methods used in 
this study is described.. 
4.3 Iterative Methods 
In the past two decades much effort has been devoted to the 
development of efficient iterative algorithms. The standard and 
modified Newton-Raphson methods are frequently used in the nonlinear 
E1 analysis of structures [1,3,4]. Other methods which have emerged 
from the mathematical literature, known as quasi-Newton methods, have 
also been developed and especially adapted to the finite element 
analysis (5-9]. Single-step restarted versions of these techniques 
were given by Crisfield (2,10-12] and labelled "secant-Newton 
methods". They can also be viewed as preconditioned conjugate 
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gradient techniques with "inexact searches" [13]. Irons and Elsawaf 
(14] applied the scaled conjugate gradient method [16] in the 
nonlinear finite element analysis and called it a "conjugate Newton 
procedure". 
The program developed incorporates both the Newton-Raphson 
method, N. R. M., and the secant-Newton methods, S. N. M. The N. R. M. is 
described in the following section, the quasi-Newton method, Q. N. M., 
in section 4.3.2, and the S. N. M. in section 4.3.3. 
4.3.1 Newton-Raphson method 
3 
The method can be derived by assuming that at increment, n, and 
iteration, i, an approximation an to a of equation 4.3 exists. An 
improved solution can be obtained using a truncated Taylor series of 
the form 
ar (an) 
r(ai+l) -.. r(aY) +nb ai 4.4 
aai 
in which 
ar (a) 
-K (am) 4.5, 
a an. 
represents the tangent stiffness or Jacobian matrix. If the 
approximation an+l is used instead of a in Equation 4.3 then Equation 
4.4 can be written as 
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ri + Ki bai -04.6 
where ri and Ki replace r(an) and K(an), respectively, for 
convenience. 
The iterative displacement (or search direction) is then given by 
ai -- Kil ri 4.7 
and the improved approximation obtained from the addition of the 
iterative displacements to the previous solution is 
4i+l - ai + 171 3 41 4.8 
The scalar parameter 'i which premultiplies the vector of iterative 
displacements, is termed the step length. ni may be calculated in a 
corrector sense from a line search performed along the direction bai, 
as will be described in section 4.4, or in a predictor sense using an 
acceleration scheme [17,18). If no line search, or acceleration 
scheme are performed, then the step length parameter is taken as 
unity. 
Equations 4.7 and 4.8 constitute the standard or full Newton- 
Raphson algorithm which is illustrated diagrammatically in Fig. 4.3 
for a one degree of freedom case. The procedure is to use Equations 
4.7 and 4.8 respectively until convergence occurs. 
It is clear from the above that the Newton-Raphson method 
requires the updating of the tangential stiffness matrix Ki, and the 
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solution of a new set of equations at each iteration. This process 
can be very expensive. To overcome this difficulty, a modification 
to the full Newton-Raphson algorithm is made in that the stiffness 
matrix is updated only occasionally. One option is the use of the 
initial linear elastic stiffness matrix throughout the entire 
analysis, _ 
Fig. 4.3b. - Since the same stiffness matrix 
is employed at 
each iteration, it need only be calculated and factorised once. 
Subsequent solution for each iteration merely necessitates the back 
substitution to obtain the new deflections. This has the immediate 
advantage of significantly reducing the computing cost per iteration, 
however it also reduces the convergence rate. The relative economics 
of the initial stiffness and the standard Newton-Raphson method 
depend to a large extent on the degree of nonlinearity inherent, in 
the problem under consideration. 
Another, and may be a cheaper, option is to update the stiffness 
matrix at selected iterations, e. g. at the first or the second 
iteration of each new increment of load, Fig. 4.3c. In all the 
modified Newton's. methods, the iterative algorithm is similar to that 
for the full Newton-Raphson. The only changes is the replacement of 
Ki by Ka in equation 4.7 where Ka is the updated stiffness matrix. 
As the modified Newton methods involve fewer stiffness matrix 
re-formulations than the full Newton-Raphson, a large number of 
iterations could be required for convergence. This is particularly 
true if there is a sudden softening in the system during a load 
increment, as caused by the cracking of concrete or the yielding of 
steel reinforcement bars. In order to speed up the method, several 
acceleration schemes have been proposed [18-211. Aitken's approach 
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(19] introduces a diagonal acceleration matrix, ai, which is applied 
at every second iteration such that 
ai+1 - ai + ai aai 4.9 
The acceleration factor for each degree of freedom, j, is given by 
«i j- 
aai-l, j 4.10 
aai-l, j - aai, j 
A modification to Aitken's method has been developed by Irons and 
0 
Tuck (20] in which the acceleration is applied every iteration. 
Jennings [18] proposed a modification to the method whereby Aitken's 
diagonal accelerating matrix is replaced by a scalar to be applied 
equally to all terms in the iterative vector. Crisfield (21] 
advocates another approach to accelerate the modified Newton-Raphson 
iteration in which the iterative deflection change is a scalar times 
the previous iterative change plus a further scalar times the usually 
unaccelerated change such that 
bai - ei Eai-1 + fi 6ä 4.11 
where býi is the unaccelerated displacement vector calculated as 
dai -- Kal ri 
and ei and fi are scalars given by 
4.12 
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fi -- ai/bi 
4.13 - 
ei - fi (1 - ci/bi) -1 
where 
ai - bai-i ri-1 
bi - baiT1 (ri - ri-1) -öji Yi 4.14 
*T 
ci - bai Ti 
The procedure is started (i - 0) with the tangential incremental 
solution in which fo - 1, eo - 0, and ro is the load increment. 
In comparison with the usual modified Newton-Raphson method, this 
technique requires the storage of two extra vectors dai-1 and ri-1. 
Another difficulty with the modified Newton-Raphson method arises 
when the out of balance loads increase during the solution thus 
signalling divergence from the required solution. Iterative 
divergence can occur whenever the system stiffens during the solution 
increment. Such stiffening can arise from unloading of path 
dependent material models, closing of cracks, or closing of a 
previously separated interface. The use of the initial elastic 
stiffness matrix throughout the entire analysis may help in 
overcoming this problem. A scheme for diverging solution has been 
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proposed by Bathe and Cimento (22). In this the load increment is 
reduced and an elastic stiffness matrix based on the geometry at the 
last converged increment is used. 
4.3.2 Quasi-Newton methods " 
The- major expense in Newton's method is the calculation of the 
Jacobian, or the stiffness, matrix and its inversion. In contrast, 
quasi-Newton methods derived an approximation Si to the Jacobian such 
that 
Si bai - Ei - ri-1 - 7i 4.15 
Equation 4.15 is, called the quasi-Newton equation. For the one, 
degree of freedom case this completely defines Si, see Fig. 4.4. 
This is not the case, however, for multi degree of freedom problems. 
It is desirable for multi 'degree of freedom systems that any 
candidate, for Si should satisfy Equation 4.15. It is also desirable 
that Si be easily computed from the available information, such as 
Si-1, yi and 6ai_1, by adding to Si_l a correction matrix which 
depends upon the above quantities while satisfying Equation 4.15, 
thus 
+ ýSi-1 4.16 
If the rank of ASi_l is 7, then the update of 4.16 is called a 
direct update of rank r. In practice, the update is either of rank 
one or two. Davidon [23] suggests the following rank one updating 
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for symmetric systems of equations 
(Xi - Si-i a8i-l) (Xi - Si-1 68i-1)T 
+ 4.17 
(. Xi - Si-1 aai-1)T aai-1 
The following rank 2 updating has been, independently, suggested by 
Broyden, Fletcher, Goldfarb and Shanno and is known as the BFGS 
method [6,71 
7i xiT Si-1 7i xiT Si-1 
Si - Si-1 +-T4.18 
7iT dai-1 aai-1 Si-1 aai-1 
In a quasi-Newton method, the following procedure may be used in 
iteration, i, to evaluate ai and Si, noting that So is the tangent 
stiffness matrix at iteration, 1, and ro is the external load vector 
increment. 
Step 1 Evaluate a search direction 
-1 Bai - Si -1 ri-1 
4.19 
Step 2 Perform a line search (see next section) in the direction 
bai, and use the step length iji to update the displacement 
ai - ai-1 f 'ii aft 4.20 
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Step 3 Calculate the out of balance load vector, ri, then 
71 - ri - ri-1 4.21 
Step 4 Update Si (e. g. according to Eq. 4.17 or 4.18). 
Q The procedure above still requires the recalculation and 
refactorisation of matrix Si. To avoid doing so, the update can be 
expressed as a correction to, the inverse, so that vector, operations 
only are involved. The update can then be written as 
§1 
1- 
Si 
1+ 
Sill 4.22 
In this form, Davidon's update is written as [241 
ýaai-1 - Si-1 Yj)(ö j_1 - Si-1 Yi)T 
Sil Si-1 +T_4.23 
Yi (Sai-1 - Si -1 TO 
and the BFGS correction is written as 
T -1 -1 T 
-1 -1 
dai-1 -Ti Si-1 Si-1 Yi dai-1 
Si - Si-1 --T T 
dai-1 Ti Sai_1 xi 
YiT Si-1 xi 6ai-1 SajT1 
+1+TT4.24 
Sai-1 xi Sai-1 Yi 
The BFGS method was first used in a finite element analysis by 
Matthies and Strang, (9]ý , using 
Brodlie's product form . 
[25] in an 
138 
algorithm which did not directly update the stiffness matrix or its 
inverse. This algorithm required the calculation and storage of a 
new pair of vectors at each iteration. 
4.3.3 Secant-Newton methods 
The secant-Newton methods were first proposed by Crisfield 
[10-12] and have been successfully used in finite element analyses 
[26-28]. The methods are closely related to both the quasi-Newton 
and the'scaled conjugate gradient (16] or conjugate Newton techniques 
(15]. They can be derived from the line search techniques (26] as 
well as from the BFGS quasi-Newton procedure. The basic difference 
between the quasi-Newton and secant-Newton methods is that the 
stiffness matrix updating at iteration, i, of the secant-Newton 
algorithm-is carried out on the stiffness matrix calculated at the 
beginning of the load increment, So, instead of that matrix obtained 
at the last iteration, Si-1. Thus the update may be written formally 
as 
Sit - Sol + ASi - Ka + OSil 4.25 
Two main techniques may be classified according to the basic 
quasi-Newton updating algorithm adopted. They are 
(i) Secant-Newton Formula 1, which is based on Davidon (23] rank 
one quasi-Newton update, Eq. 4.22. 
(ii) Secant-Newton Formula 2, which is based on the BFGS rank two 
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update, Eq. 4.23. 
Both formulae have been incorporated in the program developed by 
the Author. 
In the derivation of Formula 1, Sill is replaced by Kal and the 
identity 
0 
, al Ti Kal(ri. ' Ei-1) - bä1 - bäi_1 4.26 
is introduced to Eq. 4.22 to give 
****T 
1 (bai-1 + bai - Sai-1)ýSai-1 + bai -bai-1) 
Si - Ka + 4.27 T 
, yi (Sai-1 + bai - bai-1) 
This equation is used to find an iterative displacement vector dai 
such that 
dai-- -S1 ri 4.28 
- bäi + C1(64i-1 + Säi - bäi-1) 4.29 
0 
where 
(a$i-1 + bäi - bai-l) 
Tri 
Cl -**T4.30 
(6 i-1 + Sai - ui-i) Ti 
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Equation 4.28 may be written as 
Eai - Al bä1 + B1 Eai-1 + Cl E8i-1 4.31 
where Al -1- Cl, and 
4.32 
Bl--C1 
It must be noted here that in the derivation above it-is assumed 
that no line searches will be done. If these are to be implemented 
then 6,2i-1 must be multiplied by a step-length ni-1 in Eqs. 4.27 - 
4.31, and dai becomes a search direction. 
If a similar procedure to that used above is used with equation 
4.24, the secant-Newton Formula 2 can then be written as 
bai - A2 Eäi + B2 6ai_1 + 02 4i_1 4.33 
where 
dai 
T 
ri 
C2 
T 
aai-1 xi 
A2 -1- C2, and 4.34 
**T**T (Sai - bai-1) ri iaai - Eai-1ý Yi 
B2--C2- 
T +C2 T 8 i-1 Ti aai-1 Ti 
It is clear from the above that the secant-Newton methods do not 
involve the direct updating of the stiffness matrix nor its inverse. 
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In comparison with the modified Newton-Raphson method, the extra 
computation required by the secant-Newton algorithms involves a few 
vector products to evaluate the constants A, B and C in 4.31 and 
4.33. Another penalty is the storage of three more vectors. 
Crisfield (12) has noticed that in certain cases the use of the 
secant-Newton iterative displacement leads to ýa less efficient 
solution compared with that obtained from the modified Newton-Raphson 
method (for which Ak - 1.0, Bk - Ck - 0.0, k-1,2). - It appears that 
this happens when coefficients Bk and Ck are relatively larger than 
coefficient Ak. In order to predict such a situation before carrying 
out the update, the calculated coefficients Ak, Bk and Ck should 
satisfy the following condition 
Bk" + Ck 
R>>-}R4.35 
. Ak 
where a value- of R-0.4 is suggested by Crisfield [26]. 
If the above condition is-not-satisfied, the update, is abandoned 
and the usual modified Newton-Raphson solution is used. 
The method has been shown to be significantly faster than the 
modified Newton-Raphson for steel structures and concrete structures 
with shallow strain softening when explicit line searches are omitted 
[26]. For steeper softening explicit line searches are essential on 
difficult iterations [26]. Owen and Gomez (28] have compared formula 
2 algorithm against the modified Newton-Raphson, conjugate-Newton and 
quasi-Newton BFGS methods, for elasto-plastic and elasto-viscoplastic 
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problems and found it to be the most efficient. A similar conclusion 
has been reached by Hinton and Abdel Rahman [27] 
4.4 Line Searches 
It has been indicated in the previous section that when nonlinear 
material behaviour is considered some form of acceleration of the 
iterative procedure is essential if efficient solutions are to be 
obtained. This can be achieved by premultiplying the iterative 
. displacement, bai, by a variable scalar, 'i, termed the step-length. 
The idea of applying such a variable step-length has long been 
established in the mathematical programming literature 
, 
[8,29]. The 
procedure for calculating the step-length is referred to as a line 
search [17]. Matthies and Strang [9] used the method as a part of 
their BFGS algorithm. Abdel Rahman [30] showed that the efficiency 
of the BFGS method is improved when line searches are used in 
problems involving cracking of concrete. The same observations were 
made by. Elsawaf [15] and Irons and Elsawaf [14] for the use of line 
searches with the conjugate-Newton and the modified Newton-Raphson 
methods. Crisfield has noted that slack line searches can 
significantly improve the performance of both the modified Newton- 
Raphson and, to a lesser extent, the' secant-Newton method. The 
IC/ method can be described as follows [17]. 
For a 
, 
given fixed, load level, X, equation 4.1 may be written as 
r(a) - p(a) - Xf -04.36 
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to satisfy equilibrium. If a pure potential energy formulation is 
adopted, then r is the gradient of the total potential energy cb, i. e. 
te(a) 
r(a) - 
a$ 
4.37 
Recalling equation 4.8, the iterative solution procedure can be 
expressed as 
.. z 
ai+1 - ai + t7ibai 4.38 
Assuming bai and ai are held' fixed an optimum scalar 171 may be 
found by making cbi+l(ai+l) stationary with regard to variations in 
the scalar ni, i. e. 
0 -4i+1 a'i+1 aai+1 
-- r(ai+1)T aai -S i(7lj) -04.39 
a qj aai+1 a qi 
Exact satisfaction of 4.39 can be prohibitively expensive since it 
requires frequent calculation of the residual forces r(ai+l) in each 
trial, therefore it is replaced by the approximate condition 
®1 Sýiýiýý) I<I So(ni, o)'I 4.40' 
where 
is the convergence tolerance 
i, j refers to the global solution, and line search, 
iterative numbers respectively 
and 
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So - So(-qi - 0) - Sai £(ai) 4.41 
in which r(ai) is the out of balance forces at the end of the 
previous iteration. 
Experience with line searches in the modified Newton-Raphson, 
secant-Newton, and BFGS methods [17,26,30] suggested the use of a 
slack tolerance (ý a 0.8). In such circumstances, many iterations 
will involve no extra residual calculations since the first trial 
value -qi, l (usually unity) will immediately satisfy equation 4.39. 
However, if equation 4.39 is not satisfied, subsequent trial values 
for the step-length are evaluated using a linear interpolation 
(extrapolation) of the form 
'7i, j+1 -so 
- 4.42 
? ii, j (S j- So) 
In order to avoid the potentially dangerous extrapolation associated 
with the return of large trial values of the step-length, a limiting 
condition must be imposed. On the other hand, it is essential to 
prevent the final step-length being very small as this will prevent 
the iterative procedure from making any progress. In this work ni is 
accepted in the range of- 0.1 < 711 < 10.0. Any value of 711 higher 
than 10.0 is reduced to 10.0, and any value of ni less than 0.1 is 
increased to 0.1. The maximum number of line searches allowed in an 
iteration is. 3, after which the line search routine is abandoned for 
the current iteration and the solution passes to the next iteration. 
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4.5 Overcoming Limit Points 
As mentioned before in many non-linear structural analyses, one 
wishes to trace the entire load-displacement curve. This is 
particularly true when the behaviour of a structure under cyclic 
loading is to be investigated. ' One of the major obstacles in the way 
of this is the existence of limit points at which the slope of ' the 
curve 'changes its direction, Fig. 4.1. The stiffness matrix is 
singular at these points and ill-conditioned at their neighborhoods. 
If Newton-type procedures are to be used some 'modifications have to 
be introduced to the standard technique of section 4.3 in order to 
pass these points. These modifications may broadly be classified 
into 
(i) Augmenting the stiffness matrix such, 'that it remains 
positive-definite throughout the range of the analysis. 
This is done by'providing the structure with a number of 
fictitious springs under the loaded degrees of freedom 
[31]. 11 - 
(ii) Displacement incrementation'schemes. In'these techniques 
a dominant displacement component is chosen as an 
independent variable instead of the usual load parameter, 
X, and for a system of n degrees of freedom the solution 
is carried out for (n-1) unknown displacements plus the 
load parameter [32-34]. 
(iii) Suppressing the iterative process near the limit point and 
making use of the current stiffness parameter [35]. 
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. (iv) By use of arc-length techniques. In these methods the 
load level,, X, is treated as anf-additional variable, and 
an extra governing, equation is introduced with a 
constraint relationship (2]. 
Direct application of the constraint equation as suggested by 
Riks [36] destroys the symmetry of the equation system, and therefore 
requires the use of non-symmetric equation manipulation techniques. 
Crisfield. [12,37] and Ramm [38] have adopted an indirect solution 
procedure which relates to that given by Batoz and Dhatt [34] for 
standard displacement control, and by use of this have kept the 
stiffness matrix banded and symmetric. In recent years, Crisfield's 
arc-length approach has been used by many investigators for both 
geometrically and materially non-linear problems (39-41] owing to its 
ability to handle snap-through and snap-back problems, and its 
improved convergence characteristics over the load control. In this 
work, however, displacement incrementation scheme is used firstly 
because part of the work is directed towards the analysis of infilled 
frames under cyclic loading in which unloading takes place at a 
specified displacement level, secondly because it is able to handle 
snap-through problems successfully, and thirdly it is also faster 
than the load control, as will be shown in the next chapter. The 
algorithm implemented is that proposed by Batoz and Dhatt (34] which 
can be summarised as follows. 
Following Bergan (42) the out of balance forces can be written as 
r, - p- Xf 4.43 
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where, as before, p is the internal nodal force vector and f is a 
fixed externally applied load vector. If at a load level Xi the out 
of balance forces ri(Xi) is obtained then the out of balance forces 
at an adjacent load level Xi + öXi is 
ri(Xi + bpi) - ri(Xj) - bxi f 4.44 
0 Applying the Newton-Raphson iterative technique to equation 4.44, a 
search direction can be found as 
Sai(Xj + SXi) - Saa + SXi Sai 4.45 
where 
bai -- Kit ri(ýi) 4.46a 
and 
dai -+ Kil f 4.46b 
If the displacement is prescribed at the qth row of ai then ba2(Xi + 
3Xi) is zero, and the qth row of equation 4.45 can be written as 
bäi(Xi + 6Xj) -, (Sai)q + Sýi(bai)Q -04.47 
from which the increment of the load factor is calculated as 
öXi -- (aai>q/(aai) q 4.48 
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and the total load factor 
e) 
Xi+1 - Xi + aXi 4.49 
It is clear from the above that the algorithm keeps the structure 
stiffness matrix' intact, and as the two equations 4.46a and b have 
the same coefficient matrices they can be solved simultaneously. The 
direct method (32] could be used for some of the analyses undertaking 
in this thesis, but itis not_as-general as that described. 
4.6 Convergence Criteria 
In an incremental-iterative solution technique, it is impractical 
0 
and may be unnecessary to satisfy the strict equality 
r(& - p(a) - o(a)f -0 4.50 
Consequently equation 4.50 is replaced by the approximate condition 
ri-pi-Xifý0 4.51 
where, during the iterative process the progress of the approximate 
solution is referred to specified convergence criteria. The 
convergence criteria, usually used for non-linear structural 
analysis, are based on the out of balance forces, the displacement, 
or the internal energy. Details of various kinds of criteria are 
given in reference (30). 
The convergence criteria adopted in this work are based on the 
Euclidean norm and can be written in general form as 
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II x 11 
x 100% 4 TOL 4.52 
11 y II 
where TOL is a pre-selected convergence tolerance and will be 
referred to as FTOL, DTOL, or ETOL for the force, displacement, and 
energy convergence criteria respectively. For the force based 
convergence criteria, the norms refer to the out of balance force 
vector and the externally applied load such that 
x- ri 
y- Xif 
4.53a 
4.53b 
In cyclic loading analyses equation 4.53b may prevent achievement 
of the convergence as Xi approaches zero upon unloading. Two options 
are incorporated in the program to prevent that; in the first, Xi is 
set to the maximum load level reached in the analysis, Ximax. In the 
second, which is applicable for the load control only, Xi is replaced 
by LXI X, the largest load increment applied. 
In the analysis of infilled frames, inconsistencies in units 
result from the mixing of direct forces and moments, therefore it is 
undesirable to use Eqs. 4.53a and b as they are. An easy way to 
solve this problem is to separate each of the residual and the 
applied load vectors into two vectors, one containing forces only and 
the other containing the moments only, and to check for convergence 
separately such that 
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f 
II ri II 
x 100 4 FTOL 
I1ý11 
and 
4.54a 
m 11 ri 11 
x 100% <-FTOL 4.54b 
11 xi II 
where the superscripts f and m refer to forces and moments 
respectively. If the external load vector does not have moments, 
then the moment at the supports may be used instead of Xifm. Another 
way to solve the problem of inconsistency of units is the use of the 
scaled norms (11,12]. The following scaled force convergence 
criterion is used in this work, 
II rs II 
x 100% 4 FTOL 4.55 
II fs II 
in which, the elements of rs and fs are calculated as 
rQs - rQ/(KQQ)f 4.56a 
and 
fps - XfQ/(KQQ)# 4.56b 
where KQQ is the diagonal tangent stiffness coefficient. 
In the displacement based convergence criteria the norms are 
applied to the displacements such that 
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bai 4.57a 
and 
y- ai 4.57b 
In order to provide some indication of when both the dis- 
placements and forces are near their equilibrium value, the increment 
in internal energy during each iteration (i. e, the amount of work 
done by the out of balance loads on the displacement increments) can 
be compared to the initial internal energy increment (22]. The 
following criterion has been adopted here 
riT Sai 
x 100% < ETOL 
r1T Sal 1 
4.58 
Since the main purpose of the iterative process is the re-, 
distribution of-the out of balance forces, the priority was given in 
this work to the force convergence criterion, (i. e. convergence is 
assumed to be achieved when only the force criterion is satisfied). 
However, this may be very difficult to achieve especially near 
failure when concrete cracking and steel yielding take place., In 
order to avoid spending much effort trying to obtain unattainable and 
perhaps needless accuracy in such circumstances, the solution is also 
assumed to be converged when both the displacement and energy 
criteria are satisfied. 
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4.7 Termination of the Analysis 
Any non-linear finite element program must be supplied with some 
means to terminate the analysis. Collapse of a structure takes place 
when no further loading can be sustained. This is indicated in the 
non-linear solution by successively increasing displacement 
accompanied by a growth in the incremental internal energy. This 
makes it difficult to satisfy the adopted convergence criteria in a 
specified number of iterations. Several criteria may be used to 
terminate an analysis [3O], 'among them are a limit to the maximum 
number of iterations, a limit to the maximum deflection, a limit to 
the growth of the dissipated energy, and the use of Bergan's [35] 
current stiffness parameter. 
In this work, the program is stopped when any of the following 
occur: 
(i) The number of iterations exceeds a preselected maximum 
number. It must be mentioned here that this criterion is 
not always sufficient to indicate the failure of the 
structure, since it could happen that the solution is 
slowly ' converging because, for example, a severe 
discontinuity has occurred due to extensive cracking. It 
may also occur if large increments of load are used or if 
very tight convergence tolerances'are specified. 
(ii) The number of increments is greater than the maximum 
number of increments. This is especially useful when 
displacement control' is used and the solution has passed 
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the maximum load level. 
(iii) The stiffness matrix is no longer positive definite. 
(iv) A steel reinforcing bar has snapped because its strain 
exceeds the ultimate strain permitted. 
It must be emphasised here that the satisfaction of any of the 
termination criteria above does not automatically mean the failure of 
the structure but means the failure of the solution procedure itself. 
A careful study of the results and the use of engineering judgement 
are essential in these situations. In some cases, it may be useful 
to re-start the analysis using a different or a refined solution 
strategy. 
4.8 Restart Facilities 
The program developed is provided' with a re-start facility 
whereby, following a temporary termination, any' analysis may be 
subsequently resumed from the previous converged increment. This'may 
be done for the following reasons: 
- large problems, such as the nonlinear analysis of reinforced 
concrete structures under cyclic loading, can be broken down 
into anumber of manageable computer runs, 
- to allow, in cases of numerical failure, the use of 
alternative solution strategies if required. 
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When this facility is activated by the user, all the information 
about the loading, material states, displacements, the factorised 
stiffness matrix and the residual forces at the end of each increment 
are written on to a tape. When a solution is restarted, this 
information is read from that tape while the other geometrical and 
loading data as well as the data defining the non- linear solution 
procedure and convergence checks are provided by the user. 
The CPU time is also monitored during the run. If the user does 
not activate the restart facility, it will be activated automatically 
before the CPU time reaches the time limit allowed for that run. 
4.9 Brief Summary of the Computer Program 
As stated in Chapter One, the main objective of the present study 
was to develop a realistic tool for the non-linear analysis of 
infilled frames and reinforced concrete panels under monotonic and 
cyclic loading. The computer program NFEAIF has been written for 
this purpose. Use has been made of some standard. NAGFE level 0 [43] 
subroutines. In the following the program is briefly summarised, 
more details are given in reference [44]. 
Oll 
1. Purpose of the program 
The purpose of the program is to analyse non-linear 
reinforced concrete, or concrete-steel composite plane 
stress problems under monotonic and cyclic loading with 
special emphasis on the analysis of infilled frames. 
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2. Nonlinearities considered 
Both the material and interface nonlinearities are 
considered. The material nonlinearity is due to the plastic 
deformations, cracking and crushing of concrete, yielding of 
reinforcing bars and steel members, and formation of'plastic 
hinges in the frames. Interface nonlinearity may arise from 
changes in the state of interface between the 'composite 
members. These may be an initial gap, sticking, sliding, 
separation or combinations. 
3. Reinforcement representation 
Reinforcing bars may be either represented as discrete bars 
or by the use of smeared layers. 
4. Finite elements used 
The following finite elements and numerical integration 
rules are used in the program: 
(i) Eight noded serendipity element with the 2x2 or 
3x3 Gauss Quadrature rules. 
(ii) Six noded interface element with or without rigid 
arms using the 3 point Gauss Quadrature rule. 
(iii) Three noded Timoshenko's beam element with the 2 
points Gauss Quadrature rule. 
(iv) Three noded axial element using the 2 points Gauss 
Quadrature rule. 
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5. Loading and incrementation schemes 
Loading can be applied as uniformly distributed loads or as 
point nodal forces or couples. Both load and displacement 
control schemes are available. The program can handle one 
set, or two sets of loading incremented independently. When 
load control is used with one set of loading, the increments 
can be automatically generated by the program, otherwise the 
load increments are specified by the user. 
The formula used to calculate the size of a load increment 
in the automatic incrementation scheme is 
Nd i 
, AXn - AXn-1 < OXmax 4.59 
Nn-1 
in which Nd is the desired number of iterations, say 4, Nn-1 
is the number of iterations required at the previous 
increment, and D'max is a preselected maximum load 
increment. 
6. Nonlinear solution options 
The following nonlinear solution options are available in 
0 
the program: 
(i) Standard Newton-Raphson method. 
(ii) Modified Newton-Raphson methods in which the 
stiffness matrix is updated at the first, the 
second, or at every fifth iteration of an 
increment. 
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(iii) Initial stiffness method. 
(iv) Secant-Newton methods formulae one and two. 
In all the methods above, line searches may optionally be 
performed. 
The banded set of equations are directly solved using the 
Cholesky factorisation technique. 
7. Monitoring of convergence 
Convergence of the iterative schemes may be checked using 
(i) total or scaled force convergence criteria, 
(ii) displacement criterion, and 
(iii) energy criterion. 
8. Termination of the analysis 
The analysis is terminated whenever 
01) 
(i) the number of iterations exceeds a preselected 
number, 
(ii) the number of increments exceeds a preselected 
number, 
(iii) the stiffness matrix is no longer positive 
definite, or 
(iv) a steel bar has fractured. 
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9. Restarting facilities 
The program is provided with a restart facility which is 
activated either at the end of each increment or when the 
CPU time exceeds a limit specified by the user. 
0 
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Fig. 4.2 General methods for the solution of nonlinear 
equations: (a) Iterative, (b) Incremental, 
(c) Incremental-iterative. 
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stiffness, (c) M. N. R. 
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CHAPTER FIVE 
APPLICATION TO REINFORCED CONCRETE STRUCTURES 
5.1 Introduction 
In this Chapter the computer program developed in this study is 
critically examined by carrying out the numerical solution of a 
number of reinforced concrete structures. None of the analyses 
included the contact problem which will be dealt with in the next 
Chapter and illustrated by the analysis of a number of infilled 
frames. The versatility of the constitutive model to simulate the 
behaviour of reinforced concrete subjected to monotonically 
increasing load is demonstrated through the analyses of Vecchio and 
Collins' [1] panels PV19 and PV27, and a deep beam WT-3 from 
Leonhardt and Walther's experimental work [2]. The latter will be 
utilized to study the effect 
of 
some of the important material and 
numerical parameters on the non-linear solution algorithm. 
The ability of the program to solve reinforced concrete problems 
subjected to reverse cyclic loading is shown by analysing Cervenka's 
panel W-4 [3], and Hsu's shear wall S-2 [4]. 
A comparative study of the efficiency of the load and dis- 
placement control schemes is also presented. The object of the study 
is to assess the Author's proposals to overcome the problems of local 
strain concentration associated with displacement control, and to 
demonstrate the savings that can be made in computing time by using 
displacement control. The reinforced concrete structures used in this 
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study are, Cervenka's panel W-2, Hsu's shear wall S-2, and Phillips' 
skew reinforced concrete panel [5], 
All numerical examples were analysed on a CYBER 180-830 computer 
and were performed under single precision. The experimental results, 
briefly described here, are used to carry out the comparisons with 
the present results. Comparisons are also made with the results of 
other finite element analyses reported in the literature. 
5.2 Reinforced Concrete Panels Under Pure Shear 
Vecchio and Collins (1] conducted a very good study on the 
behaviour of reinforced concrete panels under in-plane shear and 
normal stresses. They tested a total of thirty panels under a variety 
of load conditions. The pure shear tests comprised a large majority 
of them. Four of these panels have been employed by Collins et al (6) 
to organise " An International Competition to Predict the Response of 
Reinforced Concrete Panels, ". As a benchmark test to the present 
program two of the panels used in the competition were analysed and 
the results are compared with those for the experimental work. 
0 
5.2.1 'Description of the Panels and Test Observations 
The panels were 890 mm square by 70 mm thick reinforced with two 
layers of welded wire mesh. The steel wires were aligned parallel to 
the edges of the panel. The steel ratios of panel PV19 were 0.01785 
and 0.00713 in the 'longitudinal' and 'transverse' directions 
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respectively. Equal steel layers of ratio 0.01785 in both directions 
were provided for panel PV27. The dimensions and loading of a typical 
panel are shown in Fig. 5.1. 
The panels were tested in a specially designed loading rig 
capable of applying in-plane pure shear loading. Both panels were 
subjected to proportional monotonic loading up to failure. Initial 
cracks, inclined at 45 degree were formed at a shear level of 2.07 
Mpa for panel PV19. No noticeable change in crack direction was 
observed up to about 80% of the collapse load; the cracks begin to 
shift direction at 3.11 Mpa. At 3.45 Mpa, the transverse steel 
yielded, and ultimately sliding shear failure took place at 3.95 Mpa. 
For panel PV27, however, the initial cracks which formed at 2.04 Mpa 
do not change their direction, and the steel reinforcement did not 
yield. The first sign of crushing was observed in the panel at a 
shear level 5.24 Mpa. The concrete was extensively damaged at 6.21 
Mpa, and the panel failed at 6.35 Mpa. 
5.2.2 Finite Element Idealisation and Material Properties 
Owing to the uniform stress distribution throughout the panels, 
only a part of them is considered. The finite element mesh boundary 
conditions, and loading used in the analyses are shown in Fig. 5.2. 
The material properties adopted for the concrete and steel 
reinforcement are listed in Table 5.1 for both panels. 
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Table 5.1: Material properties of Vecchio and Collins' panels (1] 
(2) 
0 
PV19 PV27 Concrete 
Young's modulus 20000 20000 N/mm 
2 
Poisson's ratio 0.200 0.200 
Compressive strength 19.00 20.50 N/mm 
2 
Tensile strength 2.000 2.40 N/mm 
2 
Fracture energy 100.0 150.0 N/m 
Reduction factor, k1 0.500 0.500 
Steel 
Young's modulus 200000 200000 N/mm 
2 
PH . 01785 . 01785 
Yield stress 458.00 442.00 N/mm 
2 
PV . 00713 . 01785 
Yield stress 299.00 442.00 N/mm2 
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5.2.3 Results of the Analyses 
The panels have been analysed under load control; the load was 
applied in equal increments of 0.25 Mpa for panel Pv19, and 0.5 Mpa 
for panel PV27. A3 by 3 integration rule was used. The stiffness 
matrix was updated at the beginning of the second iteration of each 
_` load increment. 
Graphs of the shear, stress verses shear strain are shown in Figs. 
5.3, and 5.4 respectively. As in the test,. both panels cracked at 45 
degrees with the horizontal axis just above a shear level of 2.0 MPa. 
The transverse steel bars of panel PV19 have yielded at 3.5 MPa which 
compares very closely with the experimental results. The predicted 
failure stress, however, was 4.75 MPa which is about 20% higher than 
the experimental value. This is, probably, because the present model 
does not account for the rotation of the cracks which occurred in the 
experiment. The predicted collapse load of panel PV27 was 6.0 MPa 
which was due to the crushing of the concrete parallel to the cracks. 
The good agreement with the experimental results is evident from Fig. 
5.4. 
5.3 Leonhardt and Walthers' Deep Beam 
The beam selected is one of nine single span deep beams tested by 
Leonhardt and Walther [2]. It was selected, primarily, because it has 
been recently analysed by Van Mier [7] at the Institute TNO for 
Building Materials and structures (TNO-IBBC) using the finite element 
package DIANA, therefore the results of the present study can be 
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compared not only with the experimental results but also with those 
of a well known finite element package. 
5.3.1 Description of the Beam and Test Observations 
The beam was 1600 mm square by 100 mm thick, and was reinforced 
by eight 8 mm diameter reinforcing bars which were installed in four 
layers in the lower part of the beam. In addition, a square grid of 5 
mm bars was placed over the entire panel. Two steel platens on roller 
bearings were used to support the beam. A thin layer of mortar was 
placed between the beam and the supporting steel platens. 
The beam was loaded by a distributed load along the upper edge in 
steps of 100 M. The concrete over the left support failed in 
compression at a total load of 1000 M. This part of the beam was 
then reinforced by confining the concrete between two steel platens. 
After these steel platens were fixed the external load was increased 
again until the right support failed at a total load of 1290 M. The 
dimensions, reinforcement, and loading of the beam are shown in Fig. 
5.5. 
5.3.2 Finite Element Idealisation and Material Properties 
The finite element meshes used are shown in Fig. 5.6. Because of 
symmetry only half of the beam has been considered in the analysis. 
The support platens were relatively long; 20% of the beam span. This 
might have a significant effect on the behaviour of the beam since it 
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affected the principal stresses in the vicinity of the support which 
can be very critical. Therefore, a pilot study was carried out in 
order, to choose the most convenient boundary conditions. In this 
study, the beam has been subjected to a single load increment of 
100 kN, -10% of-the failure load, and analysed for the five different 
boundary conditions shown in Fig. 5.6. In cases I- IV, the support 
platens have been modelled by rollers at different positions. In case 
V, the support platens have been modelled using two steel elements 
which were rigidly fixed to the concrete elements. The results of the 
study are summarised in Table 5.2. The results show clearly the great 
difference that can be produced by using different boundary 
conditions which, at the first sight, might be applicable for the 
same problem. The displacement for cases II and V had similar errors 
and both were very close to the experimental value. However, case V 
has been chosen for the full range non-linear analyses, first because 
it simulated the experimental arrangement better than the other 
cases, and second because the displacement of case V was stiffer than 
that of the test and it is usual for the finite element method to 
predict over stiff responses in non-linear analysis. 
The material properties adopted for concrete, steel 
reinforcement,, and supporting steel platens are listed'in Table 5.3. 
AP 
5.3.3 Results of the Analysis 
The analyses have been carried out under load control. The load 
was applied in equal increments of 100 kN each until a load level of 
600 M. After that the load increments were reduced to 50 M. The 
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Table 5.2: Midspan deflection of Leonhardt and Walther's beam WT-3 
at load level 1000 kN for different boundary conditions 
0 
0 
. Boundary condition I II III 
IV V 
6 . 1855 . 06962 . 05774 . 05300 . 06408 
6/6 2.768 1.039 . 8610 . 7910 . 9560 exp 
Table 5.3: Material properties of Leonhardt and Walther's beaw 
WT-3 (7J 
Concrete 
Young's modulus 24000 N/mm2 
Poisson's ratio 0.200 
Compressive strength 30.20 N/mm 
2. 
Tensile strength 3.650 N/mm2 
Fracture energy 100.0 N/m 
Reduction factor,, k1 0.500 
Steel reinforcement 
Young's modulus 210000 N/mm2 
Yield stress 400.00 N/mm2 
Steel platen 
Young's modulus 210000 N/mm2 
Poisson's ratio 0.200 
f 
175 
stiffness matrix was updated at the first iteration of each load 
increment. The force tolerance, FTOL, displacement tolerance, DTOL, 
11 and energy tolerance, ETOL, were set to 2.0%, 0.1%, and 0.1% 
respectively. Convergence was assumed to be achieved when either the 
force tolerance, or the displacement and energy tolerances have been 
satisfied. " The 3 by 3 integration rule was adopted. 
ýJ 
In this section the results of the present work are compared with 
the results of the experimental work, and those of Van Mier's (7] 
analysis. -The comparison was done using the load-deflection curves, 
the crack patterns, the failure loads and modes of failure, and the 
distribution of stresses along the lower steel bar near failure. 
Figure 5.7 shows the load-deflection curves of the experimental work, 
the present study, and Van Mier's analysis. 
Good agreement with the experimental results is achieved through- 
out the entire load-deflection range. In the analysis the beam failed 
at 1050 kN due to the crushing of the concrete near the support. This 
agrees well with the experimental failure'of the beam. It can be seen 
from Fig. 5.7 that the load-displacement curve of the present study 
is closer to the experimental than that of reference 7, and the 
predicted failure load was 50 kN lower. This is so, in spite of the 
finer mesh used in reference 7, because (a) the elastic perfectly 
plastic model for concrete in compression which Van Mier used over 
estimates , the stiffness of concrete at high stress levels, (b) The 
'tension stiffening' model which used by Van Mier implies, for this 
particular problem, a higher fracture energy than that of the present 
model, and (c) the reduction in compression strength due to the 
damage caused by concrete cracking was not considered by Van Mier. 
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The computed crack patterns and propagation are shown in Fig. 5.8 
for four load levels (400,600,800, and 1000 M). The first crack 
was observed at a load level of 300 kN near the midspan. Cracks then 
spread off-centre towards the support, and upward through the beam 
depth. Reasonable agreement between the analytical and the 
experimental cracks pattern is achieved, Figs. 5.8, and 5.9. Two 
f) dominant (wide) cracks developed; one near the support, and the other 
near the midspan. The positions of these wide cracks are evident from 
the principal stress plot of Fig. 5.10, since the tension stress 
across the cracks near the support and midspan become very small at 
high load level. The plot of the distorted shapes, Fig. 5.11, also 
indicates a wide crack near the support. This dominant crack was 
observed by Van Mier as well. In the present analysis however, this 
crack does not extend into the beam as deep as it did in Van Mier's. 
The reason for that may be attributed to the difference in post 
cracking models used in the two analyses. This dominant. crack was not 
reported in the experimental work. It is the author's opinion that 
this crack did not develop experimentally because the thin mortar 
layer between. the steel support platens and the beam allows relative 
horizontal movement between the beam and the supports, while the 
rigid connection of the concrete elements to the support steel 
element, in the analysis, prevent this movement. 
Stresses in the lower bar are shown in Fig. 5.12 for the two 
analyses, together, with those measured experimentally. The high 
computed steel stresses near the support are the consequence of the 
wide crack there. Since the stresses were measured only at midspan 
and over the supports no valuable comparison can be made with the 
experimental results. 
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Finally, the compression failure over the support can clearly be 
visualised from the stress distribution plot of Fig. 5.10 which shows 
the high compressive stress concentration at the support. 
5.3.4 Parametric Study 
9J 
To demonstrate the effect of some of the important material 
parameters on the solution of non-linear finite element problems, 
deep beam WT-3 has been employed in a parametric study. The 
parameters studied are, fracture energy, integration rule, 
convergence tolerance, and the reduction of compressive strength due 
to the damage caused by concrete cracking. The study was conducted 
varying one parameter at time and keeping all the rest constant. The 
effect öf each parameter on the load-deflection curve, failure load, 
and the CPU time are discussed separately. For the sake of 
consistency in the comparison, CPU time is recorded' at the last 
converged increment in each analysis. The mesh and boundary 
conditions of the previous section are'used throughout. 
5.3.4.1 Effect of fracture energy 
Fracture energy is the main parameter affecting the present 
tension softening` model (ref. section 3.3.2). Measurement of this 
parameter experimentally is difficult and requires special equipment. 
Empirical formulae to calculate it from other material parameter have 
been suggested by some workers, e. g. Bazant and Oh [8], and 
Nallathambi et al [9]. Values in the range of 50 - 250 N/m are 
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reported for ordinary concrete. The majority of finite element 
analysts appear to select the value of fracture energy rather 
arbitrarily in their analysis. In order to appreciate the effect of 
this parameter, the beam has been analysed for four values, 0,60, 
100, and 200 N/m. 
f) The resulting load-deflection curves are shown in Fig. 5.13. 
Apart from the case of zero fracture energy there is no appreciable 
variation in the stiffness up to a load level of 600 M. This is 
because the cracks were narrow and limited at this stage of loading. 
Beyond that,, the difference in the stiffness becomes significant. The 
no tension softening case, i. e zero fracture energy, resulted in a 
very soft response, while the fracture energy of 200 N/m resulted the 
most stiff one. The best fit to the experimental results was obtained 
for Gf - 60 N/m. 
The predicted failure load was the same for all the cases except 
the no. tension softening case, which was about 8% lower. The lack of 
variation of failure load may attributed to. the fact that the beam 
failed in compression. Variation of the fracture energy 
does not 
seems to affect the failure load even for the bending type of 
failure. This is because in the bending type of failure, structural 
collapse will not happen before the cracks become wide and the 
reinforcement bars yield. At that stage the tension stress 
transferred across the crack is nearly zero for any realistic value 
of G f. 
The recorded CPU time were 4800,4658,2635, and 1696 sec for 
fracture energy of, 0,60, and 200 N/m respectively. From these 
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the great saving in the execution time due to the use of high 
fracture energy in the softening model is evident. Although, the 
value of Gf - 60 N/m produced the best results, it is not selected 
for the following analyses because it is too expensive. Instead, Cf - 
100 N/m has been used since it gives reasonable accuracy in less than 
60% of the time required when Gf - 60, N/m.. 
f) 
4 
5.3.4.2 Effect of the. integration rules 
The reduced (2"x 2) integration rule has been used by many 
workers for the eight noded isoparametric membrane element because it 
claimed to be faster, and requires less memory than the full (3 x 3) 
integration rule. Moreover, its under estimation of the values of the 
terms of the stiffness matrix helps to balance the over stiffening 
usually, caused by the discretisation process. However, Dodds et al 
[10], De Borst and Nauta [11], and Crisfield [12] have cast doubts on 
the integrity of the reduced integration rule for problems involving 
the cracking of concrete. Crisfield stated that the 'hour-glass' 
mechanism that is normally prevented by the adjacent elements can 
nevertheless form once sufficient cracking has- occurred. The 
difficulties of local mechanisms are always likely. to be present with 
4D softening model. The use of the 3x3 rule is recommended in such 
circumstances. A recent study by May and Al-Ramadhani (13] made the 
same recommendation. All the problems that they studied, however, 
were either plain concrete or under- reinforced structures in which 
the smeared reinforcement representation was not used. Since the 
reinforcement bars of most of the problems analysed in this work were 
uniformly distributed they were smeared into equivalent steel layer 
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in the analyses. In order to demonstrate the validity of using the 
2x2 rule for such problems, the beam was analysed using both rules. 
The resulting load-deflection curves are compared in Fig. 5.14. In 
general, the curve for the reduced integration rule is closer to the 
experimental results than that corresponding to the 3x3 rule. The 
displacements produced by the 2x2 rule were softer than that 
produced by the 3x3 rule by about 10% from the beginning of the 
analysis. This was, almost, maintained along the entire load- 
deflection diagram. The ultimate failure load predicted by the 
reduced integration rule was 950 kN, which is, also, about 10% less 
than that predicted by the full integration rule. The mode of failure 
was the same for both rules. The difference in the predicted failure 
load is`not considered as a sign of premature failure due to spurious 
zero energy mode but as a consequence of the softer stiffness. It can 
be concluded from above that 2x2 integration rule can safely be 
used for the eight noded isoparametric membrane element for problems 
involving' cracking of concrete when there is sufficient reinforcement 
inside the element. 
The CPU time required for the analysis using the 2x2 rule was 
about 80% of that require for the 3x3 rule. Therefore, 'the 2x2 rule 
has been used for the rest of the examples of this Chapter. 
It is worth noting that the number of iterations required by the 
2x2 rule was higher than that required by the 3x3 rule for the same 
load level. This is because the 2x2 rule predicted higher 
deformations, and hence higher nonlinearity, than that predicted by 
the 3x3 rule for the same loading. 
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5.3.4.3 Effect of the force convergence tolerance 
The force type convergence criterion, Eqs. 4.52 and 4.53 . is one 
of the most commonly used by engineers because it, gives a clear 
insight to the equilibrium of a structure. However, the selection. of 
a convenient convergence tolerance, FTOL, for the analysis of 
9) reinforced concrete structures involving cracking is not straight 
forward. In their-study on monitoring indices for non-linear.. analysis 
of reinforced concrete, Cope and Rao [14] concluded that force norms 
seem-unlikely to converge always towards zero even when a large 
number of iterations 
, 
(500 iterations) are performed. Bergan and 
Holland [15] argued that the unbalanced forces often form equilibrium 
groups which do not have much influence on the overall structural 
response. To appreciate that, and in order to set a tolerance range 
to be used in the following examples, the beam has been analysed for 
different force tolerances-ranging from a relatively tight tolerance 
of 0.5% to a coarse one of 10%. As the displacement and the energy 
convergence criteria may be achieved. prior to the achievement of the 
force tolerance. they were ignored in these analyses. 
The results are shown in Fig. 5.15. where it can be seen that 
there is not a big difference between them. On the other hand 
7 Ar enormous differences. in the computing time were observed. The. CPU 
times were 4069,2667,1469, and 985 seconds for, a force tolerances 
of 0.5%, 2%, 5%, and 10% respectively. It is worth noting that when 
the displacement and energy criteria were activated for the analysis 
with FTOL - 0.5%, the computing time was reduced to 2651 second, and 
the results were, almost, identical. . ,. 
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It can be concluded from the above that acceptable results, with 
a relatively cheap cost, can be produced for deep beams using a 
moderate force tolerance, say 2- 5%. If a tight force tolerance is 
'used, it would be wise to use the displacement and the energy 
convergence criteria to reduce the number of unnecessary iterations. 
ýJ 
5.3.4.4 Effect of reducing the compressive strength of concrete 
The rule for reduction of compressive strength due to the damage 
done to the concrete by cracking incorporated in this program is that 
proposed by Cervenka [16]. The reduction factor, X, may be written as 
X-1.0 - k1En/0.005 5.1 
where en is the tensile strain normal to the crack direction, "and kl 
is a constant to be determined experimentally. Since there is no 
information available about this constant it was set to 0.5 in all of 
the previous analyses. This is almost equal to- the average of the 
optimized values from Cervenka's study [16]. Two more analyses were 
carried out using the values of kl - 0.0, in which the effect of 
transverse tensile strain on the compressive strength'is ignored,, and 
kl - 1.0, in-which the concrete would loose its, strength completely 
when the strain normal to the crack direction exceeds 0.005. 
The computed load-deflection curves are shown in Fig. 5.16. It 
can be seen that the curves are identical up to about 90% of the 
failure load, beyond that they start to deviate with the curves being 
softer with increasing value of kl. The predicted failure loads=were 
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1050,1000, and 950 kN for kl - 0.0,0.5, and 1.0 respectively. This 
confirms Cervenka's conclusion that the reduction of compressive 
strength affects only the failure load, and it has negligible effect 
on the deformations. 
9) 5.4 Short Shear Panel under Cyclic Load Reversal 
To simulate the behaviour of one storey of a shear wall under 
lateral load histories, panels as shown in Fig. 5.17 with different 
reinforcement schemes were analysed-and tested both monotonically and 
under load cycles by Cervenka and Gerstle [3]. These panels have been 
used by many workers to-test their finite element models. The panel 
selected (specimen W-4) has been analysed by Cervenka and Gerstle (3] 
using elastic perfectly plastic behaviour of concrete in compression 
and elastic-cracking behaviour in tension with only one crack allowed 
to open at any time. Poor results were obtained. The same concrete 
model has been used in Shipman and Gerstle's analysis (17],, - however 
the effect of bond-slip between steel and concrete were incorporated. 
Their- results were fractionally better- than the 'previous, analysis, 
indicating that the response of this panel is probably more sensitive 
to concrete degradation than bond degradation. Darwin and Pecknold 
f-)- [18] have analysed the problem using their orthotropic hypoelastic 
constitutive model for concrete in compression which takes into 
account hysteresis and the degradation in strength and stiffness of 
concrete under cyclic loading. Their cracking model allows for two 
sets of orthogonal cracks to open simultaneously. The analysis was 
carried out under displacement control. Quite reasonable, agreement 
between the analysis and test results was obtained. The present 
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analysis will be discussed not only with respect to the test results 
but also the results of the previous analyses. Load-displacement 
curves and cracking patterns are the main aspects of the comparisons. 
5.4.1 Description of the Panel and Test Observations 
0 
The panel was an orthogonally reinforced square plate 30 x 30 by 
3 inches thick, (762 x 762 x 76.2 mm), reinforced with uniform steel 
mesh of pH - pv - 0.0122. Two panels were combined to form one beam- 
like specimen as shown in Fig. 5.17. The concentrated load at the 
support and at the load point were transmitted to the panels by means 
of the three vertical ribs shown in the figure. The specimen was 
subjected to four cycles of loading at a load level of 46% of the 
monotonic limit load. The load cycle inýthe positive direction was 
always followed by a load cycle in the reversed direction. After 
" completion of these four cycles the magnitude of the load was 
increased and the specimen was subjected to cyclic loading of 
maitude close. to the limit monotonic load. Large deformations 
occurred during these cycles, and failure occurred in the sixth large 
load 
cycle. 
5'4.2 
Finite Element Idealisation and Material Properties 
The finite element idealisation, loading, and boundary conditions 
use'A in'the analysis are shown in Fig. 5.18. The applied load is 
assled 
to act at the edge of outer rib, rather than at the middle of 
whi I-has it is in the test. This discrepancy, however, was permitted 
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to compare the results with those obtained by Darwin and Pecknold. 
The adopted material properties are listed in Table 5.4. 
5.4.3' Discussion of the Results 
9) 
1 The panel has been analysed under displacement control for the 
first full six cycles. The steel reinforcing bars were smeared into 
equivalent layers, and the 2x2 integration rule was employed. In 
general, the modified Newton-Raphson method, in which the stiffness 
matrix is updated at the second iteration of each increment, was 
used. At the sixth load cycle, however, difficulties were encountered 
and the procedure could not converge. At this stage the restart 
facility of the program was used and the analysis continued using the 
full Newton-Raphson method. The force tolerance, FTOL, was 5%. 
The results obtained are compared with the experimental results 
in Fig. 5.19. Only the last two cycles are shown in the figure 
because the first four cycles produce nearly linear response and 
their plotting may confuse the comparison. It can be seen that the 
correlation between the analysis and test results is rather good for 
the loading portions, however the unloading parts are not that good. 
This was expected as the present material model is based on the 
theory of plasticity in which unloading takes place linearly. 
Figure 5.20 compares the output of one cycle from the present 
work with those obtained by Shipman and Gerstle [17], and Darwin and 
Pecknold [18]. The present results lies between the two. The formers' 
results are stiffer because their model over estimates the stiffness 
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Table 5.4: Material properties of Cervenka's panel W-4 (3] 
0 
Concrete 
Young's modulus 2900000 psi (20000 N/mm2) 
Poisson's ratio 0.200 - 
Compressive strength 3880.0 psi (26.75 N/mm2) 
Tensile strength n 529.0 psi (3.647 N/mm2) 
Fracture energy. 0.580 lb/in (100.0 N/m) 
Reductionfactor, k1 0.500 
Steel 
-Young's modulus 27300000 psi (188233 N/mm2) 
OH . 01220 
Yield stress 51200, psi (353.00 N/mm2) 
£V - . 01220 
Yield stress 51200 psi (353.00 -N/mm2) 
11 
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of concrete at high compression stresses and because they allow for 
one crack only at any time in tension. The softer response of Darwin 
and Pecknold may be attributed to ignoring tension softening of 
concrete in their model. 
An interesting behaviour that the analysis revealed is that due 
to the, yielding of reinforcing bars, most of the cracks which were 
open at the fifth cycle do not close even when the load reverses its 
direction. As "a result of that, the previously yielded bars in 
tension were subjected to high stress levels in compression at the 
sixth-load cycle, which caused some of them to yield. After that, 
most of the previous cracks closed and the concrete started to share 
the compressive stress with the steel resulting in a complex re- 
distribution of `stresses. "This appears to be the cause of the 
divergence of the modified Newton-Raphson method at this cycle. The 
transfer from high to low, and then back to high stiffness at the 
middle of' the, loading part of the sixth loading cycle, shown in 
Figure 5.19, is a consequences of the process. 
Figure 5.21 shows the analytical crack pattern at the highest 
load level of cycle six. Also shown'in'the figure is the experimental 
crack pattern recorded at cycle' ten. The predicted crack pattern 
indicates heavier cracking than, the test, however, -the distribution 
and orientations of the cracks mach reasonably well with test. 
Similar heavy cracking was observed by Darwin and Pecknold[18]. 
The positions of high compressive stress are clearly shown in the 
stress plots of Fig. 5.22. Stresses higher than 90% of the concrete 
compressive strength were computed at the top right element and 
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bottom right element at the peak of loading cycles five and six 
respectively. The figure also indicates that the cracks at the middle 
element near the left rib are not wide as relatively high tensile 
stresses are still transferred across them. 
5.5 Three Storey Shear Wall Under Cyclic Loading 
This example deals with the analysis of a three storey shear 
wall, specimen S-2, tested by Hsu [4]. It has been selected to extend 
the application, to the flexural problem types. 
5.5.1 Description of the Wall and Test Observations.. 
The specimen was a one to six scale model to simulate a three 
storey shear wall with parapet. It was 58 x 18 by 1 inches thick, 
(1473 x 457 by 25.4 mm), uniformly reinforced with number 8 steel 
wires. The steel ratios were 0.0103, and 0.0206 in horizontal and 
vertical directions respectively. The lateral loads were unequal and 
were applied at the three storey levels, Fig. 5.23. The specimen was 
subjected to six cycles of load reversal. Excessive cracking was 
observed, at the end of these load cycles. and. the base of the wall was 
badly damaged. 
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5.5.2 Finite Element Idealisation and Material Properties 
The finite element -mesh used in the analysis is shown in Fig. 
5.24. It is consisted of 40 eight-noded isoparametric elements with 
different sizes. The coarser elements are located near the free end 
where'the stresses are very small, while the finer are situated near 
e) 
the -fixed end where the stresses are very high. Material properties 
used in the analysis are listed in Table 5.5. 
5.5.3 Discussion of the Results 
The wall has been analysed under displacement control for the 
first two and one half cycles. As for the previous example, smeared 
reinforcement representation, the 2x2, integration rule, and the 
modified Newton-Raphson method have been implemented in the analysis. 
The force tolerance was 2%. 
The computed load-deflection curve is compared with the 
experimental one and with that predicted by Agrawal (19] in Fig. 
5.25. In his analysis, Agrawal used 120 rectangular elements, the 
elastic perfectly plastic model for concrete in compression, and 
elastic cracking with no tension stiffening in tension. His iterative 
scheme works under load control. The agreement between the results of 
the present study and the test results is quite reasonable. In 
general, the predicted load-deflection curve is very similar to that 
computed by Agrawal. The slight difference between the two curves may 
be attributed to the different incrementation control schemes used in 
the analyses. As with the previous example, many cracks did not close 
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Table 5.5: Material properties of Hsu's shear wall [41 
0 
ý9) 
Concrete 
Young's modulus 3500000 psi (24130 N/mm2 
Poisson's ratio 0.10 
Compressive strength 5240 psi (36.13 N/mm2) 
Tensile strength 469 psi (3.23 N/mm2) 
Reduction factor, k1 0.5 
Fracture energy 0.4 lb/in (69 N/m) 
Steel 
Young's modulus 
Yield stress 
Hardening parameter 
29000000 psi (200000 N/mm2) 
52300 psi (360.58 N/mm 
2 )"° 
14500000 psi (10000 N/mm2) 
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. when the 
load changed its direction which caused the compression 
yielding of steel at many points prior to the closing of the cracks. 
This was also observed by Agrawal. 
The analysis also indicated that at the end of the loading stage 
for the first cycle, compression stresses of more than the uniaxial 
0 
concrete compressive strength had been calculated at the left lower 
element. However, it did not crush as in Agrawal's analysis because 
the present failure criterion for concrete in compression-compression 
zone allows for the increased compressive strength in biaxial 
compression. 
5.6 Efficiency of the Incrementation Techniques 
It has been mentioned in the previous Chapter that two types of 
incrementation control have been used in the present work; load 
control, and displacement control. When the displacement control is 
used, local high levels of strain can occur on the first iteration of 
a new displacement increment-in the element or elements which hold 
the node on which the prescribed displacement is applied, Fig 5.26. 
If a path dependent incremental iterative solution procedure is 
adopted,, i. e if the updating of stresses is carried out on the non- 
converged-. stresses of. the last; iteration as it is the case in the 
present work, this strain concentration can cause numerical problems 
and may lead to unstable- solutions due to spurious plastification 
and/or cracking at this iteration. -Incorrect results may also 
be 
obtained due to the wrong assumptions of subsequent incorrect 
unloading during the iterations as the strain on the element may 
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reduce. If, as has usually been done, the displacement is applied at 
or near the point of maximum deformation, for example node A of Fig. 
5.26, these effect may be significant. To overcome these problems 
small increments of displacement must be applied. A very high number 
of iterations may then be required for a full range` analysis which 
may be uneconomic, and even then 'unloading will 'have incorrectly 
it 
taken place. 
The following procedures have been proposed to reduce the problem 
[201, 
1. Elastic material properties are assumed for the element or 
elements which include the node to which the displacement is 
applied. This has, locally, a similar `effect to what 
Crisfield called 'strategy A' of updating the internal 
stresses (21]. 
2. The displacement is applied where the total deformation and 
local strains are relatively small, for example' on the 
mid-side node, B, of Fig. 5.26. 
To compare the efficiency of the two types of control, and to 
assess the proposals above, three different problems have been 
analysed. These are a monotonically loaded short shear panel, a three 
storey shear wall subjected to cyclic loading, and a skew reinforced 
concrete panel under direct tension. In each of the problems the 
analyses were carried out, in general, as 'follows: displacement 
control and load control by both the initial stiffness and modified 
Newton-Raphson method, with force convergence tolerance, 'FTOL - 5% 
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and 1%. The tension stiffening model employed here is that described 
in Eq. 3.64, and plotted in Fig. 3.9. The reduced 2 by 2 integration 
rule and smeared reinforcement were used throughout. 
As the load-displacement curve resulting from a displacement 
control analysis may vary from that resulting from a load control, 
it and in order to make a realistic comparison, all the problems were 
solved, first under a displacement control. The total displacement 
was divided into a number of increments and the corresponding load 
increments-were calculated. These load increments were then applied 
in the-load control analysis. This procedure ensured the same load 
levels at the end of an equal number of increments for both analyses. 
In one case an additional analysis has been carried out in which the 
previous procedure is reversed, i. e equal displacements were ensured 
at the end of the same number of increment in both analyses. 
Since the object of this section is to assess the efficiency of 
the methods, the emphasis is on' the ' number of iterations and 
computing time required for each analysis. Other aspects are 
discussed only briefly. 
5.6.1 Short Shear Panel I 
The panel selected is specimen W-2 which has been studied by 
Cervenka [3]. Dimensions, reinforcement, the loading and method of 
loading are shown in Fig. 5.17. Because of symmetry, it is necessary 
to analyse one half of the specimen only. The mesh used is shown in 
Fig. 5.27. The adopted material properties are listed in Table 5.6. 
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Table 5.6i Material properties of Cervena's panel W-2 (3] 
0 
Concrete 
Youngs-modulus 2900000 psi (20000 N/mm2) 
Poisson's ratio 0.2 
Compressive strength 3880 psi (26.75 N/mm2) 
Tensile strength 529 psi -(3.647-N/mm2) 
Reduction factor, kl 0.5 - 
Fracture energy 0.87 lb/in (150.0 N/m) 
Steel 
Young's modulus 27300000 psi (188220 N/mm ) 
Yield stress 51200 psi (353 N/mm2) 
Hardening parameter 546000 psi (3764 N/mm2) 
. 195 
The displacement increments were applied at the load point. The 
problem of strain concentration, near the point where the dis- 
placement increments are applied, has been avoided by assuming 
elastic behaviour of outside stiffener, i. e proposal number 1 is 
applied. This assumption agrees well with the actual behaviour of the 
stiffener since it is far stronger than the panel. 
0 
The load-displacement relationships from the test and the 
computer program are plotted in Fig. 5.27. Only the results for the 
initial stiffness analyses are shown as the modified Newton-Raphson 
gave very similar results. As for the example of the deep beam, the 
effect of reducing the convergence tolerance on the load-displacement 
curves was not significant for either the load or displacement 
control analyses. Analysis under load control predicted slightly 
higher collapse load and stiffer response than the displacement 
control did for the same tolerance. Similar observations have been 
made by Darwin and Pecknold [18], and Phillips et al [5]. This may be 
attributed to the technique used to update the stress; strategy B [21]. 
Figs 5.28 and 5.29 show plots of number of iterations required 
against increment number for FTOL - 5% and 1% respectively. The total 
number of iterations, CPU times required for 20 increments, and the 
saving in time of the displacement control expressed as a percentage 
1ý are summarised in. Table 5.7. It can be seen that for all the various 
tolerances and solution routines that the displacement control is 
consistently more efficient. Only at the early stages of the analyses 
does the load control require a slightly lower number of iterations. 
This is because the load control converges in a single iteration in 
the elastic zone while the displacement control requires two 
iterations to converge. The average cost of one iteration in the 
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displacement control was slightly higher than that of the load 
control because displacement control requires the solution for two 
load' vectors at each iteration, Eqs. " 4.46a and 4.46b. It is clear 
from Table 5.7 that , when` the` tolerance was reduced to 1% the 
displacement control was even more efficient. 
One interesting I point to note is if the load control analysis is 
carried out first and` then the displacements obtained used for the 
displacement control, i. e if the comparison is based on equal 
displacement levels rather than equal load levels, even more 
significant savings can be shown. For example with 5% force tolerance 
and'using the modified Newton-Raphson method the number of iterations 
were 288 and 93 for the load and displacement control respectively. 
This happens as a"consequence of the softer response predicted by the 
displacement control analysis. "This' can be clarified with the aid of 
Fig. 5.30. Assume that curve OD corresponds to a displacement control 
analysis, and curve OL is that of a load control. If the comparison 
is based on equal load levels then the number of iterations for the 
displacement' control will" be that' required to reach point C at the 
load-displacement curve, but if the comparison is based on equal 
displacement levels` then the number of 'iter'ations will be that 
required to reach point B. Obviously, point B requires less 
iterations to be reached than point C does. 
5.6.2 Three Storey Shear Wall 
The shear wall is specimen S-2 which has been analysed for two and 
a half cycles in section 5.5. However, only the first cycle is 
198 
considered here since the object of the study is to compare the 
performance of load and displacement schemes rather than to trace the 
entire response of the structure. Dimensions, reinforcement, type of 
-loading, and finite element mesh are shown in Figs. 5.23, and 5.24. 
The material properties are listed in Table 5.5. Proposal number 
0 
two has been employed in this analysis; the displacement increments 
have been applied at point A of Fig. 5.31, where the deflection is 
very small, rather than the point of maximum deflection. 
Table 5.8 shows the total number of iterations and CPU time for 
various analyses. Fig 5.32 gives further details of number of 
iterations. It can be seen that these results are similar to those 
for the previous example. Because of the large amount of CPU time 
required for a 1% force tolerance this analysis has not been carried 
out. 
5.6.3 Skew Reinforced Concrete Panel 
The third example in this study is a rectangular concrete panel 
with skew reinforcement taken from an experimental programme recently 
carried out at Glasgow University [5]. It is selected because it has 
been analysed by Phillips et al [5] and they found that the analysis 
using displacement control was much more expensive than load control, 
however no details of the solution procedures are given. Dimensions, 
reinforcement, and finite element mesh used are shown in Figs. 5.33 
and 5.34, and the material properties are listed in Table 5.9. Due to 
the existence of the mild steel T section and the additional 
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Table 5.8: Summary of the performance of the load and displacement 
control schemes for Hsu's shear-wall 
0 Algorithm initial stiffness M. N. R. method 
force tolerance 5.0% 5.0% 
controentation 
control 
displacement load displacement load 
total iterations 594 937 159 317 
total cpu time, sec. 5862 8767 2465 3293 
% of time saving 33% 25% 
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f, 
0 
Table 5.9: Material properties of Phillips' panel [5] 
Concrete 
Young's modulus 22.7 kN/mm2 
Poisson's ratio 0.15 
Compression strength 39.6, N/mm? 
Tensile strength 2.9 N/mm2 
Reduction factor, k1 0.500 
Fracture energy 0.125 N/mm 
Steel 
Young's modulus 210 kN/mm2 
Yield stress 546, N/mm2 
Hardening parameter . 
0.0 
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reinforcement mesh at the ends of the panel, proposal number one has 
been used; elastic material behaviour has been assumed for the top 
central element where the displacement increments are applied. 
As with the other examples the difference in load-displacement 
relationships for 1% and 5% force tolerance analyses was not. 
0 significant. 
It is difficult to make direct comparison between the load 
control and displacement' control for this problem because of the 
inability of the load control to predict the portion of the load- 
displacement curve ABC, Fig. 5.34. However to attempt to assess the 
relative merits of the two methods thirteen increments of load and 
displacement were applied such that the final point, D, was the same 
for each analysis. Figs 5.35, and 5.36 show the total number of 
iterations against increment number, and Table 5.10 gives CPU times. 
As for the previous examples even from this artificial comparison it 
can be seen that the displacement control is more efficient for the 
two tolerances used with both the initial stiffness and the modified 
Newton-Raphson methods. 
The collapse load predicted by the analysis was much higher than 
f that obtained experimentally. It is possible that due to inadequate 
bond that those bars which were anchored to the T sections at one end 
only became ineffective at relatively low loads. It was not possible 
to confirm this analytically because the present analysis assumes 
full bond between reinforcement and concrete. 
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It can be concluded from the study that the displacement control 
can be more efficient than the load control method in addition to 
being able to solve problems involving snap-through. The proposed 
techniques to reduce the effects of localised spurious high strain 
and material unloading, associated with"the displacement control and 
path dependent incremental iterative solution procedure, are shown to 
be effective. - 
p- 
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CHAPTER SIX 
ANALYSIS OF INFILLED FRAMES 
6.1 Introduction 
This chapter demonstrates the ability of the developed program to 
analyse infilled frame problems up to and beyond the ultimate load. 
To this end, a number of unreinforced concrete panels in steel frames 
have been analysed. The results of the analyses were compared with 
results obtained experimentally. 
The problems analysed include several single storey infilled 
frames subjected to monotonically increasing load, from the series of 
tests conducted by Ma and May [1-3], and two multistorey infilled 
frames under monotonic and cyclic loading tested by Liauw and Kwan 
[4,5]. These examples were chosen so that a wide range of the 
parameters affecting the behaviour of infilled frames are considered. 
In all of the examples the material nonlinearity of both the panels 
and the frames are considered. The nonlinear behaviour of the 
interface between the frame and the panel, (the separation, slip, and 
initial gap), are also considered. 
P'. ) 
6.2 One Storey Infilled Frames 
A comprehensive study on the behaviour of one storey infilled 
frames has been carried out by Ma and May [1-3]. A series of ninety 
one-fifth scale models has been tested. The general configuration of 
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a tested model is shown in Fig. 6.1. In order to investigate most of 
the possible collapse modes for the panels a number of parameters 
were varied over a wide range. The parameters varied were as 
follows: 
(i) The relative strength of the frame and infill measured by 
Ja non dimensional parameter, in, which is given by 
m-8 Mp/(vc tw b2) 6.1 
where M. P is the plastic moment of the frame, 
ac is the crushing stress of the infill 
material, 
tW is the thickness of the panel, 
and b is the breadth of the panel. 
This ratio was varied between 0.03 and 0.8. 
(ii) The size and position of the openings in the infill. In 
general, the panels tested had 
(a) no opening (solid infill), 
(b) a centrally placed opening, 
(c) an opening at the loaded corner, or 
(d) an opening at the unloaded corner. 
For each position, the ratio of breadth, b' , and height, 
h' 
, of the opening to those of the panel was varied 
between 0.2 and 0.5. 
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(iii) The aspect ratio of the panel, b/h, which was varied 
between 1.0 and 2.75. 
(iv) The number of bays, which was either one or two. 
In order to check the ability of the program to simulate the 
behaviour-of infilled frames under various conditions, six specimens 
from this test series have been analysed and the results obtained 
have been compared to the experimental results. The specimens were 
chosen such that they cover most of the mentioned parameters. A 
brief description of the selected specimens is given in Table 6.1. 
In the following, the general experimental observations are described 
in detail in order to gain a good insight into the behaviour of 
infilled frames and to enable comparison with the analytical results 
to be carried out. 
6.2.1 General Experimental Observations 
All the models were tested under load control as follows. 
Initially, the specimen was loaded and unloaded with a load of 
approximately 5% of the predicted failure load. This was repeated 
until a set of consistent readings of the displacements were 
obtained. The load was then applied monotonically in increments of 
approximately 5% of the predicted failure load until the concrete 
began to show signs of crushing. The increment was then reduced to 
about 2% of the predicted failure load until collapse occurred. 
Two loading systems were used; the diagonal and racking loading, 
Fig. 6.2. Because of its simplicity, the former was adopted for most 
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Table 6.1 Description of the one storey examples 
0 
0 
Specimen m Description 
ZSF CO Empty steel frame. 
ZSO 0.667 Solid in fill. Frame having 
the same cross-section as 
ZSF above. 
ZSL2 0.667 As ZSO, but with small opening 
at the loaded corner. 
PSF 00 Empty steel frame. 
PSO 0.145 Solid infill. Frame having 
the same cross-section as for 
PSF. 
PSC2 0.145 As PSO, but with small opening 
at the centre of the panel. 
GSF Co Empty steel frame. 
GSO 0.029 Solid infill. Frame having 
the same cross-section as GSF. 
GSL3 0.029 As GSO, but with large opening 
at the loaded corner. 
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of the one bay specimens. The rest of the single bay and all the two 
bays specimens were tested under a racking load system. However, the 
results obtained from all the tests were presented in a form similar 
to that resulting from the racking löad test rig (1]. 
The behaviour of the selected specimens during the tests are 
classified into one of two categories dependent on the relative 
strength of the frame to the infill. These are: 
Category I which exhibited strong composite action. 
Category II which exhibited weak composite action. 
The category of each specimen is given in Table 6.2. 
The typical behaviour for each category is described below with 
reference to one-bay solid panels, salient features due to the - 
presence of opening are described later. 
Category I 
At the early stages of loading, separation between the infill and 
the bounding frame occurred. The separation initiated in the 
vicinity of the loaded corners and extended towards the unloaded 
corners. On increasing the load further, a certain amount of the 
separation near the loaded corners closed up. 
On further increase of load, a diagonal crack developed suddenly 
at the centre of the infill and propagated towards the loaded 
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corners. More cracks formed at the boundaries between the frame and 
the panel and extended towards the centre of the infill. At about 
85% of the ultimate load, the concrete began to crush at the two 
. 
loaded corners. In some specimens, crushing also occurred at the 
centre of the infill. Increasing the load further caused plastic 
hinges to develop in the frame. Hinges usually formed at each of the 
loaded corners. 
At about 95% of the ultimate load, with the hinges continuing to 
rotate, spalling of the concrete occurred. After the specimen had 
reached its ultimate load capacity, any further increase in 
displacements was accompanied by a fall off in the load carrying 
capacity and large lumps of concrete fell out of the frame. 
Category II 
As with category I, separation between the bounding frame and the 
infill occurred at early stages of loading. At this stage, sliding 
of the concrete at the infill-frame interface also took place. The 
concrete continued to slide and rotate as a rigid body within the 
frame until failure occurred. No cracks were observed in most of the 
models. The frame underwent gross distortions. At ultimate load, 
large gaps occurred between the frame and the infill, Local crushing 
of the infill panel was observed, and the plastic hinges had 
undergone large rotations. 
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6.2.1.1 Effect of openings on the observed behaviour 
In the panels with openings, the diagonal crack was either 
-initiated at, or ran to, a corner of the opening. Crushing also 
tended to occur at or near the corners of the opening. The exception 
to this were panels in which the opening was placed near to an 
unloaded corner such that the size of the opening did not extend into 
the stress band along the loaded diagonal. In these cases the effect 
of the opening on the behaviour was negligible. 
6.2.2 Material Properties and Finite Element Meshes 
All the specimens were fabricated from hollow rectangular steel 
sections. The infills were cast in situ from unreinforced concrete. 
The geometrical and material properties for all the specimens are 
given in Table 6.2. 
In the loaded corners of the infill three dimensional compressive 
stresses develop due to the high friction forces between the bounding 
frame and the panel. In order to take this into account, the 
compressive strength and the ultimate compressive strain of the two 
elements at the loaded corners were increased by a factor of 1.2. 
Similar treatment has, recently, been used in the analysis of a beam- 
column connection using the DIANA package [6]. 
The values of the shear stiffness, ks, and coefficient of 
friction, µ, at the interface were taken from shear box tests 
reported by King and Pandy (7]. For all the specimens analysed, they 
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were 0.65 N/mm3 and 0.42 respectively. In order to force the panel 
and the frame to move together when they are in contact, a very high 
normal stiffness, Kn - 2.0 x 108 N/mm3 has been assumed at the 
interface. As shrinkage of concrete was minimised by careful curing, 
full contact is assumed, initially, at all the interfaces. 
J In order to decide on a reasonable finite element mesh to be used 
in the analyses, specimen PSO has been analysed for three meshes. 
The resulting lateral displacement at the loaded node, and the CPU 
time required for a load step of 10 kN are listed in Table 6.3. 
Table 6.3 
Displacement and CPU time for specimen PSO at 10 kN 
F. E. mesh lateral displacement 
mm. 
CPU time 
sec. 
3x3 0.134 201 
4x4 0.140 689 
5x5 0.144 1513 
Although the displacement predicted by the 5x5 mesh was about 
3% higher than that predicted by the 4x4, the latter was adopted in 
most of the analyses because it is much cheaper. The overstiffening 
due to the mesh selection should be kept in mind during the 
assessment of the analytical results. 
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The 5x5 mesh has been used only for specimen PSC2 as it was not 
possible to model the central opening using the 4x4 mesh. The 
finite element meshes used in the analysis are shown in Fig. 6.3. 
6.2.3 Results of the Analyses 
0 As in the test, all the analyses have been carried out under load 
control. The load increments were varied from one specimen to 
another. In general, load steps of approximately 10% of the expected 
failure load were applied up to about 50% of the failure load, then 
the load steps were reduced by half. The standard Newton-Raphson 
method was adopted, i. e. the stiffness matrix was updated at every 
iteration. This was essential to ensure convergence because any 
change in the contact condition, slipping or separation, was 
associated with a large stress release which could not be re- 
distributed using the modified Newton-Raphson or secant Newton 
methods even when the line search technique has been used. The 
force,, displacement and energy tolerances were 5%, 0.1% and 0.1% 
respectively. Convergence was assumed to be achieved when either the 
force tolerance, or the displacement and the energy tolerances have 
been satisfied. The analysis was terminated when convergence could 
not be achieved in 40 iterations. 
a As all the infill panels were unreinforced concrete, and as 
separation between the frame and the panel was expected, it was 
thought that spurious zero energy mode might occur had the 2x2 
integration rule been used for the eight noded isoparametric element. 
Therefore, the 3x3 integration rule was employed in the analyses. 
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Comparison of the collapse loads recorded from the test and the 
computed collapse loads is given in Table 6.4. Also listed in the 
table are the behaviour categories. In general, good agreement has 
been achieved between the experimental and the analytical results. 
In the following sections, the load-displacement curve, the crack 
patterns, the collapse load and mode of failure, for each specimen 
analysed, are compared with the observations from the tests. 
6.2.3.1 Specimens ZSF, PSF and GSF 
These specimens were empty steel frames. Two goals were required 
from the analyses of these specimens; the first was to get an 
indication of the accuracy of the modelling of the steel frame, and 
the second was to appreciate the increase in stiffness and strength 
due to the insertion of the infill. The resulting load-displacement 
curves are compared with those obtained from the tests"in Fig. 6.4. 
Generally, good agreement was obtained between them throughout the 
loading range except that there is a slight difference during the 
change from the elastic to the plastic behaviour. For example, in 
the test of specimen ZSF, the non-linearity started at about 40 kN 
and continued gradually until the plastic hinges fully formed at a 
load level of 48.7 M. In the analysis, however, the frame behaved 
linearly up to a load level of 50 M. Beyond that plastic hinges 
formed at the joints. This discrepancy is expected, as the present 
constitutive model ignores the effect of the axial force on the 
yielding of the frame elements. 
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Table 6.4 Comparison of the experimental and analytical 
results for the one storey specimens 
0 
0 
Experimental Analytical F 
Specimen F (kN) Category F (kN) Category 
pr 
T -- ex pr ex 
ZSF 48.7 51.7 1.061 
ZSO 96.9 I 100.0 I 1.032 
ZSL2 84.9 I 77.5 I 0.913 
PSF 31.5 33.8 1.073 
PSO 84.9 I 86.0 I 1.013 
PSC2 66.0 I 67.5 I 1.023 
GSF 10.9 11.0 1.009 
GSO 77.8 II 87.5 II 1.125 
GSL3 17.0 II 21.5 II 1.265 
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6.2.3.2 Specimen ZSO 
This solid infilled frame had a high relative frame/infill 
. 
strength ratio. The results of the analysis are shown in Figs. 6.5 - 
6.8. The analytical load-displacement curve is compared with the 
experimental results in Fig. 6.5. Good agreement was achieved 
between the two curves over the whole loading range. The figure also 
shows the load displacement relationship of the empty frame. The 
advantages of using the infill panel to increase strength and 
stiffness of the structure are shown very clearly in the figure. 
Separation between the frame and the infill panel started at the 
first load increment, which was 10 M. The ratio of the contact 
length to the total length of the interface at the end of this 
loading step was 1/3. This remained constant as the load increased 
until diagonal cracks formed in the panel. After this some of the 
separated length closed up causing the proportion of the contact 
length to increase to 5/12 of the interface length. 
The plot of the computed principal stresses in Fig. 6.6 together 
with computed crack propagations shown in Fig. 6.7 provides a clear 
insight into the behaviour of the panel at different loading levels. 
At the early loading stages, the high compressive stresses are 
concentrated near the loaded corners. The tensile stress was maximum 
across the unloaded diagonal decreasing towards the unloaded corners. 
As the load increased, the first band of diagonal cracks formed at 
load level 30 M. On further increasing the load, the high 
compressive stresses spread, slowly, towards the centre of the panel, 
and the band of diagonal cracks extended. As the diagonal crack 
244 
widened, the tensile stresses across the cracks decreased. The 
released stresses redistributed in the panel away from the diagonal. 
This resulted in a high tensile stresses acting along the boundary of 
the panel which is the cause of the formation of boundary cracks at 
high load level. Increasing the load further causes crushing of the 
loaded corners. Due to its high relative strength, the frame did not 
yield. Further crushing towards the centre was observed at failure. 
The predicted collapse load was 100 kN, only 3% higher than that 
obtained experimentally. 
As can be seen from Figs. 6.6 and 6.7, a considerable amount of. 
tensile stress is still transferred across the cracks at the edge of 
the diagonal cracks band and in all of the boundary cracks. In order 
to compare the computed mode of failure with that observed 
experimentally, only the major cracks, those which transfer, less than 
25% of the concrete tensile strength, are plotted in Fig. 6.8a. Also 
shown in the figure are the contact length and the points in which 
the compression stress exceeded 95% of the concrete compressive 
strength. The high composite action between the frame and the infill 
panel is evident from the figure. 
A photograph'of the specimen after failure is shown in Fig. 6.8b. 
It is clear from the figure that the agreement between the computed 
and the experimentally observed mode of failure is very satisfactory. 
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0 
6.2.3.3 Specimen PSO 
This is a solid infilled frame with medium value of the relative 
strength, in. The results of the- analysis are shown in Figs. 6.9 - 
6.11. The agreement between the computed and the experimentally 
observed load-displacement curves was reasonable, Fig. 6.9. The 
analytical collapse load was 86 kN, only 1% more than the test. 
The behaviour of the specimen was, in general, similar to that of 
specimen ZSO, both were category I. However, due to the low m value, 
the remaining contact length was only one-sixth of the length of the 
interface. Consequently, the breadth of the compressive strut was 
small and the high compressive stress did not extend very far from 
the loaded corners, Figs. 6.10 and 6.11. 
Directly after the crushing of the loaded corners, plastic hinges 
formed at the loaded joint and the specimen failed. The computed and 
experimentally observed collapse modes are compared' in Fig. " 6.11. 
Reasonable agreement between the two is obtained. 
6.2.3.4 Specimen CSO 
This solid infilled frame had a very'low value of in. The results 
of the analysis are shown in Figs. 6.12 - 6.14. The specimen 
exhibited behaviour category II, which is different from the previous 
two. This was due to its low m. 
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Separation between the frame and the infill panel started at the 
first load step, 10 M. The remaining contact length was only 1/12 
of the interface length. Plastic hinges formed near the loaded 
0 
joints of the frame at a load level of 62.5 M. At this stage, no 
cracks were formed in the panel and the effecive stress at the loaded 
corners was about 80% of the concrete compressive strength. 
Increasing the load further resulted in a rapid increase in the panel 
stresses at the loaded corners, Fig. 6.13. These high stresses did 
not spread far from the corners. Eventually, these corners crushed 
and the specimen collapsed. 
The predicted mode of failure is compared to that in the test in 
Fig. 6.14. The good agreement between them is clear. Figures 6.13 
and 6.14 also indicate the low composite action between the frame and 
the infill panel, as the compression strut was very narrow. 
The predicted failure load was 87.5 kN, 11% higher than the 
experimental collapse load. This overestimation in the collapse load 
may be attributed to neglecting the axial force effect on the 
yielding of the frame. The frame would yield at a lower load level 
had this effect been considered, and consequently the collapse load 
would be smaller. 
It is evident from the previous three examples that the program, 
reasonably accurately, predicts the behaviour of infill frames with 
different frame/strength ratios, up to failure. 
The following three examples are specimens, each of which has the 
same dimensions and material properties as one of the previous three, 
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but with openings of different sizes and positions. 
6.2.3.5 Specimen ZSL2 
This infilled frame was similar to specimen ZSO except that it 
0 had a small opening situated at the loaded corner of the panel. The 
dimension of the opening was 70 x 70 mm. Figure 6.15 compares the 
load displacement curve predicted by the analysis with that of the 
test. The figure shows that the analysis overestimated the dis- 
placement from zero load level up to the failure. The computed 
collapse load was 77.5%, 9% less than the experimental. A possible 
explanation of these results is that the actual material properties 
of this specimen were not identical to those of specimen ZSO, as was 
intended in the experimental programme. This is confirmed by Figure 
6.15 where it can be seen that the experimental response of specimen 
ZSL2 up to 50% of its collapse load is identical to that of the solid 
infilled frame, ZSO. This cannot be true unless specimen ZSL2 had 
stronger concrete than specimen ZSO. As the material properties 
implemented in the analysis were similar to those of specimen ZSO, 
they resulted in a softer response and lower failure load than 
observed in the experiment. 
The behaviour of the specimen was, in general, similar to that of 
the solid infilled frame. Due to the existence of the opening at the 
loaded corner, high biaxial tension-compression stress states formed 
at the points of contact, near the edges of the opening, points A and 
B in Fig. 6.16. This lead to the formation of local boundary cracks 
at about 30% of the predicted collapse load. As the load increased, 
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the concrete crushed at these positions in a direction parallel to 
the cracks. Increasing the load further, the concrete crushed near 
the support which caused the failure of the structure. 
The principal stresses calculated just before the failure are 
shown in Fig. 6.16. The predicted mode of failure is compared with 
® the experimental mode, Fig. 6.17, from which reasonable agreement can 
be seen to exist. 
6.2.3.6 Specimen PSC2 
Apart from the central opening of 85 x 85 mm, this specimen was 
similar to the solid infilled frame PSO. Fig. 6.18 compares the 
computed load-displacement curve with that obtained experimentally. 
The load displacement curves for the empty frame and the solid 
infilled frame are also plotted in Fig. 6.18. The figure shows that 
the correlation between the results from the program and the test was 
reasonable. The figure also indicates that the effect of the opening 
was not very significant. - 
The behaviour of the specimen under loading was similar to that 
of specimen PSO. The diagonal cracks initiated near the corner of 
the opening and run towards the corners of the panel. The 
compressive stresses concentrated at these corners, and near the 
corners of the opening, Fig. 6.19. The computed collapse load was 
67.5 kN, 1.5% higher than the test. Comparison between the 
analytical and experimental modes of failure, Fig. 6.20, reveals the 
good agreement between the two. 
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6.2.3.7 Specimen GSL3 
This specimen is an infilled frame with a large opening at the 
loaded corner. Dimensions of the opening were half the dimensions of 
the panel in each direction, Fig. 6.3. Other dimensions and the 
material properties for the specimen were the same as for the solid 
infill frame CSO. 
The behaviour of this specimen was similar to the behaviour of an 
empty frame. After separation had taken place, the response of the 
specimen remains linear up to a load level of 13.0 kN, -Fig. 6.21. At 
this loading stage plastic hinges formed at the loaded joint. As the 
load increased to 21.5 kN, other plastic hinges formed near the 
corners of the opening, points A and B of Fig. 6.22. No cracks had 
been observed at this stage. 
Figure 6.21 compares the load-displacement curves from the 
program and the test. Also shown in the figure are the 
load-displacement curves of the empty frame and the solid infilled 
frame. The high reduction in the stiffness and strength due to the 
existence of the large opening is very clear from the figure. 
The great influence of the opening can also be visualised from 
the plot of principal stresses at failure, Fig. 6.22, as the maximum 
compressive stress at failure was only about 50% of the concrete 
compressive strength. 
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6.3 Multistorey Infilled Frames 
The behaviour of multistorey infilled frames under monotonic and 
cyclic loading has been the subject of a long research programme 
conducted at the University of Hong Kong by Liauw and his co-workers 
(4,5,8-10]. A typical model tested is shown in Fig. 6.23. The main 
parameters varied in the tests were the aspect ratio, b/h, which was 
either 2 or 3, and the interface conditions, which were either 
non-integral, partially integral, or integral. In the non-integral 
models no connector was provided between the infill panel and the 
frame. The partially integral models were provided with connectors 
at the beam infill interface only. In the integral models, 
connectors were provided at all the interfaces. 
The specimen selected, A-2, is a non-integral four storey 
infilled frame with an aspect ratio of 2. In a test series [4), the 
specimen was subjected to monotonic loading up to failure. In other 
tests [5], a model of the same configuration has been tested under 
cyclic loading. Details of the model are shown in Fig. 6.23. The 
frame was fabricated from 22 x 22 mm solid mild steel bars. Micro 
concrete with maximum aggregate size of 5 mm was used for infilling. 
There was an initial lack of fit between the frame and the infill 
panels due to shrinkage of the infill material, which was 0.2%. 
(t 
The model was set up as a vertical cantilever and a horizontal 
loading system was adopted. The load was applied to the roof beam 
under displacement control. 
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6.3.1 Observations. During the Static Test 
Separation at the tensile corners occurred almost immediately 
after the model was loaded, so that the panels were in contact with 
the frame only in the vicinity of the compressive corners. However, 
with increased load the interface configuration became stable after 
0 the frame had gained good contact with the panels. 
At greater loads, the stiffness gradually decreased due to the 
yielding of the concrete at the compressive corners of all the 
panels. The specimen reached its peak strength as the concrete at 
the corners crushed, this was followed by the formation of plastic 
hinges in the frame. After peak load, the model continued to sustain 
substantial loading for a large deflection, Fig. 6.24. No cracks 
were observed. 
6.3.2 Observations During the Cyclic Test 
In the cyclic loading test, the specimen was subjected- to six 
cycles of *_10 mm deflection amplitude [5]. Apart from the lower peak 
load level, the loading stages for the first cycle were similar to 
that of the static test. From the second cycle on, the effect of 
lack of fit became much more pronounced because the corner of the 
infilled panels had already deformed plastically. This was reflected 
by the fact that the load-deflection curves were much flatter at 
smaller deflections, Fig. 6.27. 
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The energy dissipation capacity and the damping ratio decreased 
with increasing number of cycles. Degradation of the stiffness with 
increasing number of cycles was also observed. 
6.3.3 Finite Element Mesh and Material Properties 
0 
The finite element mesh used in the analysis is shown in 
Fig. 6.23. It is clear from the figure that the mesh is coarse. 
This was used in order to reduce the computing time and to cope with 
the limited storage of the CYBER. The coarseness of the mesh should 
be kept in mind when the results of the analysis are compared with 
the results of the test. 
The material properties used in the analyses are listed in Table 
6.5. These properties were taken from references 4 and 10, i. e. from 
the series of monotonic loading tests. As the material properties of 
models tested under cyclic loading were not published, the 
compressive strength of the concrete used in the cyclic loading 
analysis was assumed to be 80% of that for the monotonic loading 
test. This is the same ratio as the ratio of the peak loads of the 
two tests. 
The initial lack of fit was modelled by introducing an initial 
gap corresponding to the measured shrinkage. 
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Table 6.5 Material properties of multistorey infilled frame A-2 
0 
Concrete 
2 
Young's Modulus 1.60 x 104 N/mm 
Poisson's ratio 0.2 
Compressive strength 33.1 N/mm 
2 
Tensile strength 3.4 N/mm 
2 
Fracture energy 150 N/m 
k1 0.5 
Steel frame 
Young's Modulus 2.02 x 105 N/mm2 
Plastic moment 839 N. m 
Cross section area 484 mm 
2 
Second moment of area 19521 mm 
Interface 
Normal stiffness 2.02 x'108 N/mm3 
Shear stiffness 0.65 N/mm 
3 
Coefficient of friction 0.42 
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6.3.4 Results of the Analyses 
To simulate the experimental loading procedure, the analyses were 
carried out under displacement control. In order to observe the 
effect of the initial lack of fit, relatively small increments were 
used at the early stages of loading. In both, the monotonic and 
® cyclic loading analyses, the standard Newton-Raphson was used. The 
energy, displacement and force convergency tolerances were 0.1,0.1 
and 2.0% respectively. 
6.3.4.1 Monotonic loading analysis 
The analytical and the experimental load-deflection curves are 
shown in Fig. 6.24. Due to the initial lack of fit, the stiffness 
was very small at low loading level. As the load increased, the 
structure stiffened rapidly because the frame came into contact with 
the infilling panels. At high load level, the stiffness reduced as 
the compressive corners deformed plastically and the diagonal cracks 
formed. 
The contact length, recorded at 1.2 mm top displacement, was 
about 30% of the total length of the interface. This length was, 
almost, ' maintained until the peak load was reached. Beyond the peak 
load, the contact length slightly increased. 
The highest load level was reached when the loaded corner at the 
fourth storey crushed, and plastic hinges formed at the frame near 
the compressive corners. Rapid reduction in the load sustained by 
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the structure occurred directly after crushing. Increasing the 
displacement further, the frame continued to carry about 55% of the 
peak load. The computed peak load was 53.1 kN, about 10% higher than 
the test. 
It can be seen from Fig. 6.24 that the load deflection curve 
® predicted by the analysis agrees reasonably well with that of the 
test for the rising branch. The slightly higher stiffness and 
strength predicted analytically may be attributed to the coarse mesh 
used. For the falling branch, the agreement was not as good with the 
analysis predicting a rapid drop in the, load carrying capacity for a 
given displacement. The reason for this sharp drop is the sudden 
release of the compression stresses when crushing occurs. In the 
test, the strength may be released gradually due to the bounding 
effect of the frame. 
The computed stresses at a deflection at the top of the frame of 
4.8 mm are plotted in Fig. 6.25 for the four panels. The 
experimental and analytical stresses in the infilled panel of the 
third. storey are shown in Fig. 6.26. It can be seen that 
satisfactory agreement was achieved. 
The analysis predicted diagonal cracks in the infilling panels. 
The cracks initiated. near the centre of the panels, when the load 
exceeded 80% of the peak load, and propagated towards the compressive 
corners. These cracks were not observed in the test, which is very 
surprising, when the high stress levels measured are considered, Fig. 
6.26a. 
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6.3.4.2 Cyclic loading analysis 
The frame was analysed for three complete cycles at =10.0 mm 
amplitude. The analytical and experimental results are compared 
using the load-deflection curves, the dissipated energies, the 
equivalent viscous damping ratio, and the stiffness degradations with 
0 the number of cycles. 
The experimental and analytical load-deflection curves are shown 
in Figs. 6.27 and 6.28. It can be. seen from them that reasonable 
agreement with the tests was achieved. The peak load predicted by 
the analysis was about 15% higher than the experimental peak load. 
This could probably be reduced by using a finer mesh. The figures 
also show that the effect of the initial lack of fit was predicted 
very well. As in the test, the load- deflection curve was flat at 
small deflection levels in the first cycle, and became much flatter 
with the second and third cycles. 
Energy is dissipated in an infilled frame due to the plastic 
deformation of the infilling panels at the compressive corners, the 
sliding at the interface, the yielding of the bounding frame, and in 
the diagonal cracks. In. the problem analysed, the plastic 
deformation of the compressive corners is the main source of energy 
dissipation as the cracks were very narrow, the frictional slip 
occurred at very few points of the interface, and the frame did not 
yield. The area of each hysteresis loop of Fig. 6.27 represents the 
total energy dissipated in that particular cycle. For the sake of 
consistency in the comparison, these areas were calculated for both 
the experiment and the analysis, and the results are tabulated in 
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Table 6.6 
The predicted dissipated energy at the first cycle was in good 
, agreement with 
the test. In the second and third cycles, however, 
the energy dissipation predicted by the program was much smaller than 
the test. The discrepancy in the results is attributed to the 
isotropic hardening rule used in the program. 
In dynamic analyses, the damping characteristics of a model is, 
usually, defined by the ratio of the damping coefficient, C, to the 
critical damping coefficient, Ccr [111, such that 
C 
z-6.2 
Ccr 
In energy terms, this can be expressed as (11] 
Vd 
t-6.3 
211V 
where Vd and V are the energy dissipated and the strain energy for a 
half cycle respectively. The average damping ratio, evaluated for 
the first three cycles, of the test and the analysis are shown in 
Table 6.6. As it was expected the analysis predicted the damping 
ratio of the first cycle reasonably well, but failed to give good 
correlations with the experimental results for the other cycles. 
The change in strain energy absorbed by a structure under 
constant deflection amplitude with the number of cycles can be used 
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Table 6.6 Energy dissipation and damping ratios of model A-2 
0 
0 
Vd (N. mm) (9) 
Cycle 
Number 
Experiment Analysis Experiment Analysis 
1 194.7 191.6 7.4 6.2 
2 92.4 53.2 4.9 2.5 
3 83.8 40.8 4.7 2.0 
Average 123.6 95.2 5.66 3.56 
259 
as a measure of the stiffness degradation [5]. The energy absorbed 
at each cycle is normalized as a percentage of that in the first 
cycle in Fig. 6.29, from which the good agreement between the test 
and the analytical results is evident. 
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CHAPTER SEVEN 
SUMMARY AND CONCLUSIONS 
7.1 Summary 
A non-linear finite element program to simulate the behaviour of 
infilled frames and plane stress reinforced concrete members under 
the action of monotonic and cyclic loading has been developed. Non- 
linear behaviour of the material and the interface between the frame 
and the infill panels have been considered. A stiffness approach by 
which the behaviour of the interfaces are simulated using fictitious 
finite elements has been used. 
0 
In view of the uncertainties associated with the specification of 
the material properties, a relatively simple constitutive model, 
which depends on a few readily available uniaxial properties has been 
used for concrete. 
The stress-strain relationship for concrete in compression has 
been modelled using an elasto-plastic work hardening model. The 
direction and magnitude of plastic straining is governed by the 
normality condition of an associated flow rule and a parabolic 
-hardening function. The flow rule has been integrated using a 
forward-Euler scheme. The stress updating is carried out using the 
usual, elasto-plastic, tangent modulus. 
In tension, the concrete is assumed to be elastic until cracking 
takes place. Cracking of concrete is controlled by a maximum stress 
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criterion. A smeared crack representation is used. Two, fixed in 
direction, orthogonal cracks are allowed at each sampling point. 
Closing and reopening of the cracks are permitted. Linear and 
exponential strain-softening functions, based on the fracture energy 
concept are incorporated in the cracking model. The shear retention 
model used is a bilinear function based on the strain perpendicular 
to the crack direction. The compressive strength of cracked concrete 
is reduced with increases of the strain normal to the plane of the 
crack. 
The Author is aware of the physical objections to both the 
associated flow rule and the fixed direction, orthognal, smeared 
crack representation. However, these are used, predominantly, 
because of their simplicity, bearing in mind that the main objective 
of the present work is directed towards the analysis of infilled 
frames where the interaction between the frame and the infill is the 
dominant factor. 
Reinforcement bars are either smeared into equivalent steel 
layers with uniaxial properties in the direction of the bars, or 
discretely represented using bar elements. A uniaxial elasto- 
plastic stress-strain response with kinematic strain hardening rule 
is assumed for the steel bars. 
s .. ý_ Flexural elements based on Timoshenko's beam theory are used to 
model the frame. An elasto-plastic moment-curvature relationship 
with a kinematic hardening rule is adopted for the steel frame. 
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The separation, sliding, and initial lack of fit between the 
frame and the infill are accounted for by adjusting the properties of 
the interface element, depending on the interface condition. 
The nonlinear equations of equilibrium are solved using an 
incremental-iterative technique. Both load and displacement 
incrementation methods are used. The iterative techniques use the 
standard and modified Newton-Raphson methods, or the secant Newton 
' method. An automatic incrementation scheme, line searches and 
restart facilities are also available. 
In order to examine and demonstrate the capabilities of the 
developed program in analysing reinforced concrete plane stress 
problems, a number of reinforced concrete panels, deep beams, and a 
shear wall subjected to monotonic or cyclic loading have been 
analysed. The results obtained were compared with the experimental 
results and those obtained analytically by other workers. The 
program has then been utilised to study the effect of some, material 
and numerical parameters on the results of the analyses of reinforced 
concrete deep beams. 
Two simple techniques have been proposed to overcome the problems 
of local strain concentration and spurious unloading associated with 
the displacement control. and path dependent iterative-incremental 
procedure. A comparative study of the efficiency of the load and 
displacement control schemes has beencarried out to assess these 
proposals. 
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The ability of the developed program to simulate the behaviour of 
infilled frames has been demonstrated by the analysis of a number of 
single-storey infilled frames with different relative frame/infill 
strength ratios, each with and without an opening. Two multistorey 
infilled frames, one which was subjected to monotonic loading up to 
and beyond failure, and the other which was subjected to reversed 
cyclic loading, have also been analysed and the results obtained 
compared with the experimental results. 
7.2 Conclusions 
On the basis of the analyses carried out and described in the 
previous two chapters, the following conclusions can be made: 
1. The developed program is able to represent the different 
modes of behaviour observed experimentally for infilled 
frames subjected to monotonic loading. In particular, the 
behaviour of the interface and hence the composite action 
were simulated very well. When a good knowledge of the 
material properties of the infill panels is available, the 
cracking loads, the load-displacement relationships, the 
distribution of stresses and the failure loads are predicted 
with reasonable accuracy. 
2. For the multistorey infilled frame analysed, the agreement 
with the experimental results beyond failure was not as good 
as it was up to the failure. The analysis predicted lower 
carrying capacities, than those observed in the test, for 
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given displacement levels. The reason may be attributed to 
the sudden release of all the compressive strength of the 
concrete once the crushing strain has been reached. This 
resulted in a sharp drop in the analytical carrying capacity 
of the structure. In the test, however, the strength may be 
released gradually due to the bounding effect of the frame. 
3. In the analysis of the infilled frame under cyclic loading, 
good agreement with the test results was obtained for the 
first cycle of loading. For other cycles, however, the 
hysteresis loops predicted by the program were narrower than 
those of the test. The discrepancy in the results is most 
likely due to the adoption of a plastic material model with 
an isotropic hardening rule for the concrete. 
4. The program can predict the load-deflection relationships, 
the cracking patterns, the collapse loads and the modes of 
failure of plane stress reinforced concrete problems such as 
panels, deep beams, and shear walls, reasonably well. 
5. The proposals to improve the performance of the displacement 
control, used in conjunction with an incremental-iterative 
scheme in which the updating of stresses are based on the 
0 last nonconverged iteration, have been shown to be 
effective. 
6. In addition to being able to analyse structural problems 
exhibiting snap-through behaviour, substantial savings of 
computing time can be made using the displacement control 
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method. 
W, 
7. The inclusion of strain-softening models to the cracked 
concrete produce a better fit to the experimental results, 
and reduce the computing time enormously. 
8. The stiffness of reinforced concrete members, in the 
non-linear zone, is sensitive to the value of the fracture 
energy assigned to the concrete. 
9. Variation of the fracture energy over a. realistic range, 
50-200 N/m, seems to have a negligible effect on the 
collapse load. 
10. The inclusion of the reduction of the compressive strength 
of cracked concrete in the constitutive model, improved the 
prediction of the collapse load when the mode of failure is 
of a shear type. It does not have a significant influence 
on the deformations or the collapse load when other modes of 
failure occur. As the calculation of the reduction factor 
is very cheap and since the mode of failure is usually 
unknown before the analysis, it is recommended that the 
reduction factor be always included. 
" 
11. The 2x2 quadrature rule can safely be used for the eight 
noded isoparametric membrane element for problems involving 
cracking of concrete, provided that sufficient reinforcement 
is available inside the element. However, the 2x2 
quadrature rule was found to be only marginally cheaper than 
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the 3x3 rule, because the number of iterations required by 
the 2x2 rule was much higher than that required by the 
3x3 rule for the same load level. Therefore, the 2x2 
rule could be abandoned in favour of the more robust 3x3 
rule without much increase in cost. 
12. Acceptable results, with a relatively cheap cost, can be 
produced for reinforced concrete panels using a moderate 
force convergence tolerance, say 2-5%. If a tighter force 
tolerance is used, it is recommended to use the displacement 
and energy . convergence criteria to avoid unnecessary 
iterations. 
7.3 Suggestions for Further Work 
The possible extensions of this investigation could take two 
directions. These are: 
1. Making use. of the program to carry out a systematic survey 
on the parameters affecting the behaviour of infilled frames 
in order to gain a better understanding of such structures 
and to assist in the development of adequate design 
recommendations. 
2. Refining the developed program in order to increase its 
accuracy and versatility. The following refinements can be 
made 
a) To introduce a mixed, isotropic and kinematic, 
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hardening rule into the concrete model [1] in order to 
improve the ability of the program in analysing 
infilled frames under cyclic loading. 
b) To use a plastic-fracture model [2,3] to account for 
softening of concrete in compression. This may improve 
the prediction of post failure behaviour of the 
infilled frame. 
c) Improving the cracking model using the non-orthogonal 
or multiple cracks model [4]. 
d) Using a biaxial criterion for the yielding of steel 
frame so that the axial force and shear, as well as the 
moment, are considered in the formation of the plastic 
hinges. 
e) Integrating the flow rule using a backward Euler scheme 
which would result in tangent modulus matrix consistent 
with the Newton-Raphson method in order to speed up the 
rate of convergence [5-6]. 
f) To include a constitutive model for brick in order to 
widen the application for frames infilled with such 
type of material. 
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APPENDIX 1 
TRANSFORMATION OF THE INTERFACE STIFFNESS MATRIX 
The 12 x 12 element stiffness matrix, Kle, resulting from 
equation 2.77 can directly be used to simulate the behaviour at the 
interface between two 8-noded isoparametric elements. If the 
interface element is to be used between an 8-noded element and 
3-noded beam element residing at the axis of the frame, We must be 
transformed to account for the eccentricity. This was carried out in 
the present study assuming a rigid connection between the nodes of 
the beam and the interface, Fig. 2.8. Therefore, 
4- 
Ke - HT K, eH 
where H is a transformation matrix given by 
Hl 0 0 0 0 0 
0 H2 0 0 0 0 
0 0 U3 0 0 0 
H 0 0 0 H4 0 0 
0 0 0 0 H5 0 
0 0 0 0 0 H6 
." in which 
10 
Hl '- H2 - H3 - 
01 
10 (yl - Y4) 
H4 
01 -(xl - x4) 
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Al. 1 
Al. 2 
Al. 3 
Al. 4 
10 (Y2 - Y5) 
HS - A1.5 
01 -(x2 - x5) 
10 (y5 - Y6) 
H6 - A1.6 
01 -(x3 - x6) 
where xi and yi are the x and y coordinates of node i respectively. 
0 
, 00'- 
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